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In quantitative finance, numerical methods are commonly used for the valuation of financial quantities. Derivative 

price models are often multi-dimensional and moreover, closed-form solutions are not available. Over the time 

different numerical methods have been developed and introduced in literature, to solve partial differential  

equations (PDEs) or integral equations. To this list of numerical approaches, in the recent literature, appears more 

often the use of Neural Networks. The mathematical foundation that allows the Neural Networks to approximate 

financial quantities and not only, is the “Universal Approximation Theorem”. In this paper we are going to 

introduce the Stochastic Hopfield Neural Network (or Boltzmann machine) to estimate the Local Volatility σ(St, t), 

in order to speed up the calibration process, which often is time consuming and becomes a key problem to 

overcome. 
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Introduction 

In the framework of Quantitative Finance, each asset pricing model needs to be calibrated by the available 

market data, i.e. the model parameters need to be fitted. This practice is commonly by matching the market 

prices of traded options to the option prices from the mathematical model, under the so-called risk-neutral 

probability measure. To accomplish this task several option prices need to be determined in order to fit these 

model parameters. 

Recently, advances in data science have shown that using deep learning techniques even highly nonlinear 

multi-dimensional functions can be accurately represented (LeCun, Bengio, & Hinton, 2015); then machine 

learning methods, to extract features and detect patterns from a large data set, have become successful also in 

Quantitative Finance. There are different Artificial Neural Network variants for particular tasks that we can 

count, and to this purpose we suggest to the reader to consult the reference. Essentially, Artificial Neural 

Networks (in short ANNs) can be used as powerful “universal function estimators” without assuming any 

mathematical form for the functional relationship between the input variables and the output. Moreover, from 

performance view point, the ANN looks not affected to the dimension of the function to approximate. Before 

coming inside to technical questions, it is important to distinguish two different approaches when we use 

Neural Networks: 

 non-parametric learning approaches 

 parametric learning approaches, data-driven or model dependent. 

                                                        
Mario Dell′Era, Ph.D., Market Risk Sr. Manager, Citigroup, Canary Wharf, 33 Canada Square 5LB, London, UK.  

Correspondence concerning this article should be addressed to Mario Dell′Era, Citigroup, Canary Wharf, 33 Canada Square 

5LB, London, UK. 

DAVID  PUBLISHING 

D 



LOCAL VOLATILITY AND HOPFIELD NEURAL NETWORK 

 

107 

it is our aim to follow a data-drive approach to train the ANN by the results of a well-known analytic model. 

Each “ANN solver” is typically decomposed into two separate phases: 

1. training phase, 

2. test (or prediction) phase. 

During the training phase, the ANN “learns” by the model or the rough data in input. This stage is usually 

time-consuming; however, it can be done off-line, when markets are closed for example. Vice versa during the 

test phase, the trained model can be employed to approximate the solution on-line. As result, the trained ANN 

can estimate financial quantities efficiently. 

It is common practice, for several reasons to use as solver the classic Back-Propagation algorithm 

(Rumelhart, Hinton, & Williams, 1986); however this algorithm does not guarantee convergence for problems 

that are not linear separable. The stochastic interpretation of the dynamic of the synapse weights wij by the 

Machine of Boltzmann, makes the approach more complex but more realistic (Parisi, 2007), defining a 

probabilistic metrics for the convergence represented with Boltzmann distribution function. In summary, we 

propose to introduce the use of Associative Hopfield Neural Network to memorize the target state and the 

Boltzmann Machine algorithm to describe the evolution of the Hopfield Network, computing optimal 

estimators, that, instead of minimizing the error function, as happens for the back-propagation algorithm 

(Rumelhart et al., 1986), computes the local minimum of its energy function, that corresponds to the target 

patterns or energetic status. 

Maths Behind Neural Networks 

At the beginning of 20th, during the International Congress of Mathematicians in Paris, David Hilbert 

proposed 23 problems, classifying them as fundamental for the development of the Mathematics. The 13th of 

them was: “How to compute solutions of general equations with higher degrees”. 

After half century, precisely in 1956, the first to propose a solution to the 13th Hilbert problem was 

Kolmogorov, who showed that every continuous function of n-variables F(x1, …, Xn) can be represented as 

superposition of continuous function of three variables. Then Arnold (1957) demonstrated that any continuous 

function of n-variables F(x1, …, Xn) can be represented by superposition of functions of two variables. Always 

in 1957 Kolmogorov improved further the latter construction of Arnold and demonstrated that every continuous 

function of n-variables F(x1, …, Xn) can be represented as the superposition of uni-dimensional continuous 

functions f1(x)×…×fn(Xn). Formally we can state. 

Kolmogorov Superposition Theorem (KST) 

Every continuous function of n-variables F(x1, …, Xn) can be represented as a superposition of continuous 

function of one variable and the addition operation: 

 

(1) 

where fk and Φkl are continuous uni-variate functions on R and the functions Φkl are independent of F. 

After decades, the latter Kolmogorov’s theorem has been extended respectively by Lorentz (1966), who 

showed that the functions fk can be chosen to be all the same: fk = f; by Fridman (1967), who showed that we 

can choose the functions Φkl to be Holder or Lipschitz continuous, but not belong to C1 space. At the end, in 
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1972, Sprecher showed that Φkl can take the following separable form: Φkl =λkΦl, where λ1…λn > 0 and 

, that remind to the principal component Analysis technique, later developed. 

Then, later in 1989, Cybenko investigated the property of Neural Network as numerical method to 

implement the Kolmogorov’s results, arriving to formulate the famous “Universal Approximation Theorem” 

which is one of the most important theorems in the mathematical literature of Neural Networks: 

Neural Networks as Universal Approximators 

Given a feed-forward Neural Network, with at least one hidden layer, we can approximate arbitrary well 

any continuous map from a finite dimensional space into another one. 

In the original paper of Cybenko (1989), the Sigmoid functions, known in the Neural Network literature as 

activation functions, have been used as function Φl of Eq. (1). Later, Hornik (1991) extended the above result to 

a more general class of activation functions: non-constant, bounded, and monotone-increasing continuous 

functions. In 1993 Leshno proved that “any activation function will lead to a network with the universal 

approximation property if and only if this function is not polynomial almost everywhere. Recently this result 

has been further extended by Sonoda and Murata (2015) that studied ReLu activation function and more in 

general unbounded activation functions. 

In consequence of the above theorems we can use the ANN solver as powerful “Universal function 

estimators” without assuming any mathematical form for the functional relationship between the input variables 

and the output, and furthermore, without being affected by the dimension of the function to approximate. 

Let’s then describe how any ANN works, starting from its unit, i.e. the Artificial Neuron. An Artificial 

Neuron consists of three consecutive operations: 

1. Calculation of a summation of weighted inputs 

2. Addition of a bias to the summation 

3. Computation of the output by means of a transfer function 
 

  
Figure 1. Simple neuron of McCulloch-Pitts and ANN perceptron MLP. 

 

Each ANN is generally constituted by the following components: Artificial Neurons or “Perceptron”, 

layers, whose mutual disposal represents the Architecture of the Neural Network. 

The MPLs models are dependent from the following parameters: 
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 (2) 

where Wj is a weight matrix and bj is the bias vector of the nth neural layer and  denotes the value of the jth 

neuron in the Ith layer, then the corresponding transfer function is: 

 
(3) 

where  is the output value of the ith neuron in the (l-1)th layer and Φ(x) is the activation function, with 

 where for l = 0, z(0) = x we have the input layer and for l = Nz(n) = y the output layer 

respectively. From the above quoted literature, Cybenko (1989), Hornik (1991), Leshno (1993), and Sonoda 

and Murata (2015), we know that the activation functions Φ(x) are non-linear, and the most popular employed 

are: 

1. Relu, Φ(x) = max(x, 0) 

2. Sigmoid,  

3. LeakRelu, Φ(x) = max(x, ax), 0 < a < 1 

and according to the “Universal Approximation Theorem”, any single-hidden-layers ANN with a sufficient 

number of neurons can approximate any continue functions, then any arbitrary continuous function y = f(x) can 

be expressed as follows: 

 (4) 

where the distance between the two functions is measured by the norm  

 

where f(x) is the objective function, F(x|θ) is the normal network approximation function. For the p-norm it 

reads: 

 
where 1 ≤ p < ∞ and µ(x) is a measure over the space X. For p = 2, we have as measure the mean square error 

(MSE) of space L2. Within the supervised learning, the loss function is equivalent to the above distance: 

 (5) 

The training process aims to learn the optimal weights and biases in Eq. (4) to make the loss function as 

small as possible. Then the ANN solver can be formulated as an optimization problem: 

 (6) 

where y = f(x) represents the output, x is the input and d(θ|(x, y)) is the loss function. All the above steps 

represent in summary how ANNs work as “Numerical Approximator” of continuous function. 

Deep Learning Topologies 

In literature there are several ANN Architectures, each of them with different features that better match 

specific tasks. In this paper we are interested in exploring the use of Hopfield ANN. 

Hopfield’s Neural Network Model 

In the eighties the physicist John Hopfield made explicit the similarities between some concepts of statistic 

mechanics and the functioning of a neural network composed of simple neurons of McCulloch-Pitts fully 

interconnected (Barra, Beccaria, & Fachechia, 2018), introducing also the concept of Energy (Hamilton 
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function), assuming that the synapse values can be described by a stochastic dynamic, which represents the 

evolution over the time of the network. 
 

 
Figure 2. Hopfield neural network. 

 

A Hopfield Network is composed of N bipolar units connected to each other, see Figure 2 for its 

representation, with an activation function Φ equal to the Heaviside function of weighted sum of inputs: 

 
(7) 

where Ai =∑jwi,jξj and θi is the neurone’s threshold. 

Each neuron can assume two values [+1, -1] and the state of the network is given to the vector composed 

by the value of each neuron where the index µ indicates a pattern (energetic state that corresponds literally to a 

configuration of the network’s synapses weights) and i a specific neuron of a layer. In the Hopfield network the 

synapse matrix W = wi,j is assumed to be symmetric, i.e. wi,j = wj,i with diagonal terms equal to zero (wi,i = 0), 

this happens because it has been proven by Rojas (1996) that the above conditions guarantee the convergence 

to a stationary state of network with asynchronous update of its synapses. The memorization of the patterns 

takes place through the Hebb rule and each pattern is presented to the network and the weights of synaptic 

connections, initially equal to zero, are modified as: 

 
(8) 

In the generic case of learning process, supposing to have M patterns (energy states of the Hamilton 

function Eq. (12)) the final value of synaptic weights can be written as: 

 
(9) 

It is a characteristic of Hopfield’s network, as well as for a biologic network, to memorize patterns using 

their content and not the addresses of the memory cells as happen in the traditional computer for example. 

The capacity of a Hopfield’s network, given a finite number of neurons N, to memorize and retrieve 

correctly without phenomena of instability and interference, is up to N-1 patterns, if these are linear 

independent. Let Qµ,ν be the pattern’s matrix, where the indexes µ, v refer to the pattern and (i, j) to the 

component of each pattern: 
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(10) 

then, it follows the synapse values that are given by: 

 
(11) 

Hopfield’s introduced, to describe the evolution over the time of his network model, a new concept never 

used before, instead of computing the local and global minimum of the error function Ew = 

½∑µ∑i(P
target−Φ(Ai))2, where Φ is the activation function, Hopfield thought to formalize and introduce the 

Hamilton’s function, equivalent to concept of energy in a physical system, where the desired pattern (or target) 

corresponds to stationary state of the Hamilton’s function. The Hamilton function is the following: 

 
(12) 

where θi is the bias terms from a statistical inference perspective that we can also consider to set to zero without 

lose in generality. 

(1) Learning Phenomenon 

The learning phenomenon in the Hopfield’s network consists in placing each pattern in a different 

minimum of the Hamilton’s function by creating basins of attraction (using a physicists’ jargon for which the 

basin represents a minimum of the Hamilton’s function); during the recovery phase, given an incomplete or 

corrupt pattern, the network decreases its energy level, moving towards the nearest attraction basin. The 

modification of the synaptic weights must be performed in such a way as to disturb as little as possible the other 

patterns already stored in different minimum of the function, where the lowering of the energy H is equivalent 

to the increasing of its terms, given the negative sign (see Eq. (12)). For example, we can consider memorizing 

a new pattern p*, the method to follow is to break down the energy function into two components: 

 

(13) 

The first term is the energy due to all patterns that have been already stored in the weights wi,j except the 

pattern p* and the second term is the contribution, made to the global energy, by the storage of the new pattern 

p* whose memorization is obtained modifying the synaptic weights in order to make its contribution as small as 

possible. By the Hebb’s role we know that this is achieved choosing   

(2) Recovery of Memorized Patterns 

The recovery of one pattern in Hopfield’s network is realized again reducing the energy function H up to 

reach the corresponding attraction basin related to that pattern. First we break down the contribution of the total 

energy of the network by isolating the contribution of the kth neuron: 

 

(14) 

where the second term indicates the contribution of node kth as a function of the afferent and efferent synaptic 

weights. When the kth neuron changes its state, the energy difference of the entire network is calculated by 

subtracting the previous energy from the current energy and since the first term vanishes, this difference is 

reduced to: 
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(15) 

due to the symmetry of the synaptic matrix and Hebb’s rule, we have that: 

 
(16) 

From here it is noted that the best way to recover ∆H is to choose the value of ξk equal to +1 when the 

weighted sum ∑jwk,jξj of the inputs of the other neurons is greater than zero and choose instead the value of ξk 

equal to -1 when the weighted sum is less than or equal to zero: in both cases the product is positive and gives 

the negative sign in front of Eq. (12), the total energy of the network is lowered. This result confirms that the 

update of the network status is based on the step activation function Eq. (7), it effectively consists in reducing 

the total energy of the network. 

Boltzmann’s Machine. The Boltzmann machine is a general model for stochastic recurrent neural 

networks with symmetric connections (see Figure 3 for its representation). The name derives from the fact that 

the probability of finding the network in a certain state follows Boltzmann’s distribution. The latter can be 

described by the same energy function as the Hopfield network. The main difference between the Hopfield 

network with stochastic units and the Boltzmann machine is that: the Boltzmann Machine can possess in 

addition to the visible units and also hidden units that are used only for internal processing. 
 

 
Figure 3. Boltzmann machine unites representation. 

 

The units, or neurons, of a Boltzmann machine assume a bipolar state on the basis of a probabilistic 

sigmoid function controlled by an internal parameter, which for physical systems is the temperature and in a 

neural network, it defines hidden units. To understand the Boltzmann machine, we need to think in terms    

of probability of the system. A network with N visible units can assume 2N possible states. The learning of a 

certain pattern corresponds to maximizing the probability that the visible units are in that state or equivalent  

to reducing the probability that the visible units are in all the other states. In other words, the modification of 

the synaptic weights of the Boltzmann machine causes the states of the visible units of the network to   
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assume the probability distribution of the input-output vectors of the training patterns. It is assumed that the 

training data have been generated with distribution  corresponding to the target patterns to memorize. By 

the Kullred-Leibler cross entropy  we can re-define a new estimator of the error, 

between the network, is in free evolution over the time, characterized with its distribution  and the 

distribution  corresponding to the target or desired patterns. This estimator in Information Theory is also 

known as Relative Entropy that indicates the distance between two probability distributions. Because we need 

to reduce the  that is function of the synapse weights by the descendant gradient method of the 

Relative Entropy: 

 
(17) 

where n acts as learning rate. Eq. (12) leads to: 

 (18) 

with 

 
(19) 

and where  is the conditional probability to find the hidden units in the state v when the visible state is 

using the Bayes theorem we know that  Therefore, <ξiξj>clamped 

is the expected value of the product between pre-synapse and post-synapse unites when the visible unites or 

neurons of the network are forced to assume values corresponding to the target patterns, weighted with the 

probability over each possible pattern. Vice versa <ξiξj>free is the expected value of the product between 

pre-synapse and post-synapse unites when the visible unites are free to develop randomly. Alternatively, we 

can state that the variation of synapses wi,j from Eq. (18) is proportional to the difference between the 

probability that one neuron can have the same vale +1 during the training and the random evolution, refer to 

Barra et al. (2018) for further technical details. 

Learning in the Boltzmann machine occurs gradually and requires a large number of calculations; however 

its use seems to be more effective than the Back-propagation algorithm. In addition, some approximations have 

also been developed that streamline the exact algorithm, accelerating its convergence. 

Local Volatility 

Local volatility is considered one of the most important quantities in finance, although its evaluation is 

commonly subordinated to the liquidity Vanilla Options quotation. In literature local volatility has been defined 

by Breeden and Litzenberg (1978) and Dupire (2004). The idea is based on supposing that a generic asset price 

St diffuses over the time under a risk-neutral measure Q with and a local volatility function of the underlying St 

and time t, according to the equation: 

 
(20) 

The undiscounted risk-neutral value of a Vanilla Option C(S0 , K, T) with strike K and maturity T, which is 

given by: 
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(21) 

where p(St, T|S0 , 0) is the probability density function of the final spot price at time T, which evolves according 

to the Fokker-Planck equation: 

 
(22) 

From the Breeden and Litzenberg equation we know that: 

 
and differentiating, with respect to T, Eq. (21), we have: 

 
Integrating by parts twice we have: 

 

which is the Dupire equation that becomes under forward measure : 

 
Therefore solving the above equation with respect to σ we have an analytic expression of the local 

volatility. 

 

(23) 

that can be computed by the implied volatility as follow: 

 

(24) 

where νLocalVol is the variance of the local volatility,  is the variance of the implied volatility 

and y is equal to . 

Numerical Test 

The below numerical test consists in approximating the local volatility (Heston, 1993), by the Boltzmann 

algorithm applied to a Hopfield Network whose mathematical features have been presented in Section 3.1.1, 

used as input during the training, the pattern from the benchmark algorithm that can be considered as target 

patterns, corresponding to local minimum states of the Hamilton function of the Network. 
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Training/Calibration With Hopfiled Neural Networks 

In this section we are going to use as objective functions the direct calibration image-based that follows an 

implicit learning approach, using the power of Nopfield ANN in memorizing and recognizing images. It is 

common practice to execute the calibration phase with the market Vanilla Option prices, approximating these 

by Black and Scholes with implied volatility. Indeed given the Black and Scholes Call pricing function with 

initial spot price S0 , Strike K, maturity T and volatility σ, we compute the implied volatility imposing that the 

BSσimpl price is equal to the Vanilla Call market price C(K, T-t) where σimpl is the implied volatility. 

Then, following the ANN approach that we already described above, let’s split into two steps the ANN 

solver: Training phase and testing: 

1. In the training phase, the ANN, that in our case is the Hopfield NN, using Eq. (18), will learn and store 

the “Implied Volatility Surface” as an image, as suggested in [Horvath, B] by a grid of “pixels”. The choice of 

the Hopfield NN is indeed motivated from this storing approach for which with respect to the work [Horvath, 

B], Hopfield NN is more powerful and appropriate because it is an associative Neural Network and recently 

used to simulate successfully human memory mechanisms, allowing then more capacity. It is worthy repeating 

that this learning process corresponds to stationary point for which the Hamiltonian function H(ξ|w) Eq. (13) 

has minimum values. 

During the training step, unfortunately we need to face some numerical issues related to hyperparameters, 

that are common, introducing regularization, normalization, and optimization techniques to speed up the 

convergence and avoid overfitting that can affect the ANN solver performance. In specific we used: 

(a) to avoid overfitting (regularization): Early Stopping, in order to get best training and validation errors, 

we use the model parameters at the epoch with lowest validation error. When the training is terminated, we 

return the model parameters stored from the epoch when the validation error has stopped, improving instead of 

the last model parameters. This approach is simple and effective. 

(b) Normalization of model parameters: Model parameters are commonly restricted to a chosen domain, 

we followed the normalization adopted in [Horvath, B], where θ∈[θmin, θmax]. Then follows the normalization 

transform: 

 

(c) optimization: Adam Optimizer, in deep learning the optimization problem is solved numerically using 

Stochastic Gradient Descent (SGD) by AAD techniques. The Adam Optimizer is an Adaptive 

momentum-based algorithm and it is an enhancement of SGD. 

2. Then we can proceed to solve the following calibration problem: 

 
(25) 

by SGD-based algorithm, using for examples: Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm 

[Nocedal.J], L-BFGS-B [Zhu, C], RMSProp [Kraft D.] and Adam algorithm (Kingman D.P ] Optimizer, where 

the recursive formula for updating the parameters is in summary described by Eq. (17) when applied to 

Boltzmann Machine (or Stochastic Hopfield NN) i.e.: 

 
(26) 
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where n is the hyper-parameter learning rate whose calibration is extremely important to balance speed with 

stability in convergence to the expected solution. Indeed high value of learning rate n can drive the network to a 

fast convergence but also instability in which case for each iteration the network can provide a different output, 

then the network becomes too sensible to the updates or epoch iteration and a large learning rate leads usually 

to fluctuations around a local minimum, that in the case of Hopfield NN are the local minimum of the 

Hamiltonian function H(ξ|ω) There are different ways to vary the learning rate during training, we choose to 

adopt a cyclical learning rate (CLR) (Levenberg, 1944), however this is a matter that can be improved with 

further analysis. 

Testing With Hopfiled Neural Networks 

In order to assess the performance of the Hopfiled ANNs for computing solving the volatility surface, we 

used the common accuracy metric: root mean square error (RMSE), with respect to the Market Volatility 

Surface: 

 

(27) 

Starting from a 10Y time series of European call options on FX market, written on EURUSD, for the input 

parameters, we then calculate the corresponding implied volatility by the classic iterative numerical techniques 

of Newton-Raphson method (being aware that the Newton-Raphson can also fail to converge when the Vega is 

extremely small) (Eq. (29)), to solve the root-finding problem (Eq. (28)): 

 
(28) 

 

(29) 

Below we provide an example of how the ANN describes properly the smile, following the steps just 

described: 
 

 
Figure 4. Average calibrations times for all optimizers used: L-BFGS-B, RMSProp, BFGS, Adam. 
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Figure 5. ANN-solver smile calibration. 

 

 
Figure 6. The RMSE of cumulative distribution function (CDF) after calibration with Adam Optimizer. 

 

 
Figure 7. Local volatility surface relative errors of the neural network approximator against the benchmark “Market 

Evaluation” across all training data in the 1-Factor Black & Scholes model. 
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Conclusion 

Neural networks have the ability to approximate complex continuous functions efficiently, which are 

difficult to be represented and time-consuming to be estimated by other numerical methods that we are going to 

name as traditional method. Deep neural networks are used, as we did here, to approximate the implied 

volatility mapping from parameters of traditional root-finding algorithm (Eq. (28)) to shape the local volatility 

surface by the combination of the Dupire equation, expressing then the local variance in terms of implied 

variance (Eq. (24)). To accomplish our goal we considered Forex market smile between 01/01/2010 and 

31/12/2019, on arbitrary chosen grid of time and strikes. Then Figure 7 shows the discrepancy between the 

local volatility computed by implied volatility as for Eq. (24) with the root-finding algorithm (Rapshon-Newton) 

and ANN-solver (Stochastic Hopfield NN or Boltzmann Machine) is between [0.1%, 0.35%], with the 

advantage of faster calibration (see Figure 4) and lower numerical error than the classic calibration method. 

Indeed there is considerable difference of time consuming: around 20 sec with root-finding algorithm and few 

milliseconds with Adam optimizer. Then we can state clearly that the use of Neural Networks in general 

presents numerical advantages in the calibration phase with respect to the root-finding approaches, 

independently of the algorithm used. Of course it is matter of further development the hyper-parameters setting 

that at moment, whose choice looks too empirical. For example to establish the learning rate η in Eq. (17) 

further investigation is crucial and needed. Its set of value intuitively has to be connected with the NN 

architecture, with activation functions and with the optimizer algorithm, mathematically; but at the moment the 

learning rate has been set almost manually, it still appears as discretionary choice of the author. The latter topic 

will be deeply faced in the further research activities, in which we will focus to improve the hyper-parameters 

setting. 
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