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Abstract: The aim of this paper is to interpret the effect of lateral restraint on buckling behaviour of a Z-cross section column

subjected to pure axial load. Adequate analytical solutions are compared with the numerical and experimental results obtained for

specimens both laterally free and those restrained by trapezoidal steel sheeting. Compared to the unrestrained column, a large relative
increase of critical loads is detected. Therefore, further optimization of such structural elements is possible.
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1. Introduction

Thin-walled open section columns and beams are
very efficient and therefore interesting in structural
design, but with behaviour more complicated than is
generally the case for closed or solid cross-section
elements [1, 2]. Because of their characteristic shape,
formed of slender parts, tendency towards complicated
loss of stability often arises. The form of stability loss
may be flexural, torsional or a combination of both.
More generally, lateral or local buckling is always
possible. In the case of solid cross sections, the
flexural modes are the most dominant [3, 4].

Existing researches mainly apply to the stability of
thin-walled open cross section beams, where analyses
are limited to beams subjected to gravity or lifting
load defined by various standards [5-7]. On the
contrary, behaviour of laterally restrained axially
loaded column has not been the subject of systematic
research, and satisfactory treatment by modern
standards is missing [3, 8].

This research is focused on the case when a

thin-walled Z-section column is centrally loaded. The
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unrestrained and various laterally restrained models
are discussed. The effects of local buckling are
avoided by selecting appropriate shapes and thicknesses
of cross sections and edge fold stiffeners of the flanges.
Therefore, only the overall buckling resistance is the
subject of this research. The analytical results are
compared with values obtained by the finite element
method (FEM) [9], and additionally confirmed by
carefully designed experiments.

2. General Analytical Solutions for Different
Lateral Supports

for the

restrained beams with the line connection (stiffener)
of the

cross-sectional inertia already exist in the literature [2].

Stability equations laterally free or

parallel to the major centroidal axes
Here, the equations for column with the line
connection inclined at the arbitrary angle to the major
centroidal axes are derived.

Four different cases are analysed: an unrestrained
column, a column laterally restrained by either a
horizontal or a vertical rigid connection (with respect
to the cross-sectional plane) and a column laterally
restrained by a horizontal rigid and rotational elastic

connection (Fig. 1).
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Fig. 1 Arbitrary cross section with lateral supports.
2.1 Laterally Unsupported Column

Equilibrium equations under centric load F in the
moment of stability loss are [2, 8, 10]:
ELn"™ + Fn" —y,Fo" =0
ELeV + Fe" + z,Fp" =0 (1)
El,o"V + (r?F — GI)¢@" + zyFe"—y,Fn" = 0
Points C and A4 are the section’s centroid and the
shear centre (SC) respectively (Fig. 1). y4 and z,
are the coordinates of SC. & and n are the
displacement components of SC in the direction of the
major axes of inertia y and z, while ¢ is a rotation
angle of the cross section around the SC vertical axis.
E and G are the elasticity and the shear modulus, 1,
I, and I, are the main axial and sectorial moments
of inertia, while I, is the torsional moment of inertia.

Factor 72 is

I+,
ri=2Z4yl+ 2k 2)
S

with Ag as the area of the cross section. For the

non-trivial  solution, the determinant of the

homogenous system of Eq. (1) must vanish:

F,—F 0 -z, F
0 E,—-F V- F =0 (3)
—z, F y,-F 1% (F,—F)

and characteristic equation has three real, distinct

positive roots: F;, F, and F; [2]. Here, F, and F,
are the Euler critical loads that correspond to the pure
flexural buckling:

_ T2EL,
y - liz s

n2El,
liz

F, = 4)

where the buckling length [; depends on the
boundary conditions. F,, is the critical load for the

torsional loss of stability:
1 2El,
Fo =2 (552 +61,) )

The most important buckling load of the column is:

Foy = Fin = F1 (6)

If F; is less than F,, F, and F,, the loss of

stability is flexural-torsional, if F; = F, or F; = F,,

pure flexural buckling appears, and if F; = F,,, pure
torsional buckling occurs.

2.2 Column Laterally Supported by a Horizontal Rigid

Connection

Coordinates of the lateral restraint point H are yy
and zy (Fig. 1). Axis y; is parallel and z; is
perpendicular to the lateral restraint, and a is the
angle between the major axis of inertia y and axis
y,. Horizontal displacement of the point H is equal
to zero. Using that condition, equilibrium equations
are:

E(I, + tg*al,)n" + Fsec’an” + EI, tga D"V
+ F(—y, + zytga + Aytg?a)e"”
=0

El, tga Din'V + F(—y, + zytga + Ay tg?a)n”

+ El,@"V + EL,D;*¢"V +
{F[(Ay tga + zy)? — 2,2 + 1r?] —} 0" =0 (7)
Gl
where Ay =yy—y4, Az=2zy—24, and D; =
Az + Ay tga. For the non-trivial solution, detB = 0,

where

2
T

by1 = El—2 (I, + tg*al,) — Fsec?a
i

,].[2
bl,Z = b2,1 = Elztgal_le +

1

F(y4 — zytga — tg?a Ay) (8)
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+ {GI;

— Fl(Ay tga + zy)* — z,* + r?]}
are obtained for the clamped-sliding beam (I; = Iy =
). Two real positive roots, F; and F, exist and the
critical buckling load is also Fp,i, = F;.

2.3 Column Laterally Supported by a Vertical Rigid

Connection

Here, vertical displacement of the point H is equal
to zero (Fig. 1). According to that restraint,
equilibrium equations are:

E(I, + tg?al,)e"V + Fsec?a " + EL,tgaD,¢"

+ F(z4 + yytga — tg?alz)p” =0

ELjtgaD,e"V + F(z4 + yutga — Az tg?a)e” +

El,@"V + EL,D,*@"V + {F[D,(yy — Az tga) +

YaDy +7%] =Gl 3e" =0 9)

where D, = Ay — Az tga and matrix B needed for
the stability condition (with F; < F,) is given by:

2
T

by1 = El_Z(IZ + tg2al,) — Fsec?a
i

2
b1’2 = b2,1 = Elytga:_zDz + F(_ZA — yHtga +
tg?a Az) (10)

2 5
by, = El—2 (I, +1,D,%)
i
+{GI,
— F[D;(yy — Az tga) + y, D,
+7r2]}

2.4 Column Laterally Supported by a Horizontal Rigid

and by a Rotational Elastic Connection

Horizontal displacement of the point H (Fig. 1) is
equal to zero as in Section 2.2. Rotational elastic
stiffness k, [moment/length/rad] is defined as a
moment per unit length related to the unit rotation of
infinitely close column cross-sections. Equilibrium

equations are:

E(I, + tg*al,)n" + Fsec’an" + El, tga D, "
+ F(—y, + zytga + Aytg?a)e"”
=0
El, tga D0V + F(—y, + zytga + Ay tg?a)n”
+ El,@" + EI,D,*¢" +
{FI(Ay tga + zy)? — zp> + 2] = Gl 3" +
koo =0 (11)
As previously mentioned, coefficients needed for

the solution are:

m* 2
by, = El—4(1y +tg2al,) — Fl—zsecza
; )

2

4 2
bi, =b,, = EIZtga??D1 + F;T? (yq — zytga —

tg?a Ay) (12)
m* 5
by, = El—4(1a, +1,D,?)
i

T2
+—{Gl;
L

— F[(Ay tga + zy)* — z,* + r?]}
+k,

2.5 Application to a Z-Section Column

Calculation of critical loads for columns of 1.7 m
high, with the Z-cross-section 80/40/20/3 is carried
out (Fig. 2). Such models are specifically selected to
expand previous research on the C-cross-section
models [8].

The cross-sectional data are: Ag = 564 mm’, I, =
710,803.1 mm®, , = 84,210.9 mm*, 7,= 1,692 mm*, I,
=278,492,097.5 mm°, /* = 1,409.6 mm’, y,, = 0 and z,
= (. Mechanical properties of steel are determined by
laboratory tests on five standard specimens according
to EN ISO 6892-1 (Fig. 3a). After appropriate
averaging, the mechanical properties are: £ = 203.8
GPa, G =79.3 GPa and the yield strength is g, =306
MPa. In Fig. 3b the elastic part and the yield
plateau of the idealised stress-stain curve are enlarged,
and five regions of different tangent moduli are
detected.
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Fig.3 (a) Stress-strain curves for 5 Z-specimens and (b) enlarged part of the idealised stress-strain curve.
Table 1 The analytical results for the Z-section column.
Section
Fe [kN] BT F [kN] BT F.; [kN] BT Fe [kN] BT
2.1 14.6 F 58.4 F 119.1 F 159.6* F
2.2 533 F+T 123.5 F+T 151.3* F+T 163.6* F+T
23 43.9 F+T 145.5% F+T 163.6* F+T 167.5* T
24 90.3 F+T 146.0%* F+T 159.6* F+T 163.6* F+T

BT—buckling type, F—pure flexural, T—pure torsional, F + T—flexural-torsional.

Torsional stiffness, realised by adequately fastened
sheeting, with ribs perpendicular to the column, is
determined according to Eurocode 3 (EC3) [11].
Laboratory tests and the analytical solution are
combined and the rotational stiffness k, = 0.9
kNm/m/rad is determined [8].

Critical forces F.. = F; for the Z-column (a
31.32°), for each of the four analytical cases and typical
buckling lengths are shown in Table 1. Data marked

with “*” are obtained using the tangent modulus concept
(buckling above the proportional limit op is detected),
which gives results on the safe side [12, 13]. Depending
on the stress level, value Ep according to the regions
I to V (Fig. 3b) gives the correct critical forces. All
calculations are made with the Wolfram Mathematica.

Highlighted cases were additionally analysed by
experiments and the FEM, as will be discussed in the
following sections.
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3. Experimental and Numerical

Determination of Critical Forces

Z-column clamped at the bottom, and with the
sliding restraint at the top is analysed. Two different
cases are considered: laterally unsupported and by
trapezoidal steel sheeting T 40/245/1 mm restrained
column (Fig. 4). According to the EC3 [11], the latter
case can be properly modelled by the theoretical
approach described in Section 2.4, providing adequate
sheeting stiffness.

3.1 Experimental Models

Stability analysis of the unrestrained Z-cross

section column and of the column laterally restrained

by trapezoidal steel sheeting has been carried out
experimentally using a hydraulic static press machine
at the Department of Engineering Mechanics, Faculty
of Civil Engineering, University of Zagreb, Croatia.
At the column ends thick plates are welded. The
bottom plate is properly fixed on the ground, and the
top plate is sliding under another, mounted on the
machine head (Fig. 5). Mechanical properties of plates
and column are the same.

The columns were gradually loaded by force
increment AF = 30 kN until the loss of stability
occurred. Fig. 5a shows an unrestrained and Fig. S5b
shows a laterally restrained column, both in the post

buckling state. Inductive strain gauges measured the

restraint position

F—k
J \ ?{lzlmm
: 180 133515 180 mm -
L] 11 11

(b)

Fig. 5 Loss of stability: (a) unrestrained, (b) laterally restrained column.
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lateral displacement and the resistance strain gauges
measured the longitudinal strain in the column. Fig. 6
shows resistance strain gauge positions (T1 to T6) at
the mid-height section and the stress-strain diagrams
for the longitudinal direction of the unrestrained and
Fig. 7 the

diagram for direction

laterally restrained column. shows

force-displacement lateral
measured with the inductive strain gauges (I1 to 16) at
the mid-height section of the unrestrained and laterally
restrained column. Extension of the inductive strain
gauges gives negative displacement and shrinkage
gives positive displacement.

The loss of stability of the unrestrained column
happened at the critical force F,. = 60 kN due to pure
flexural in-plane buckling (Fig. 5a). The displacement
increment after F.. is not proportional to the force
increment (when the model starts to lose stability).
The model was loaded once again, but it could not
withstand more than 63 kN (Fig. 7a), while the loss of
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stability occurred at the critical force of 60 kN.

The loss of stability of the laterally restrained column
happened at F.. = 150 kN due to simultaneous twisting
and lateral out-plane bending (Fig. 5b). After 150 kN
the displacement and load increment are not proportional.
The model was loaded once again, but it could not
withstand a force greater than 150 kN (Fig. 7b).

3.2 Finite Element Models

Buckling analysis is carried out numerically, by
using the FEM with the SAP2000 v21 software [14].
The thin-walled columns are modelled by shell
elements, using the geometrical and mechanical
properties from the experimental and analytical study.

For the unrestrained column linear elastic instability
occurs at F.. = 58.5 kN in flexural (pure) buckling
mode (Fig. 8a). The laterally restrained column
buckles at F,, = 145.5 kN in nonlinear region and
flexural-torsional buckling mode (Fig. 8b).
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Fig. 6 Stress-strain diagram for the longitudinal direction: (a) unrestrained, (b) laterally restrained column.
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Fig.7 Force-displacement diagram for lateral direction: (a) unrestrained, (b) laterally restrained column.
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Fig. 8 Deformed shape at the critical force for: (a) unrestrained, (b) laterally restrained column.
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Table 2 Results of selected models.

Critical forces F [kN]

Analytical analysis

Experimental test

- - Design values Ng,4 [KN] (EC3)
Numerical analysis

Unrestrained column 58.4 60
Restrained column 146.0 150
Relative increase 150% 150%

58.5 46.6
145.5 93.2
149% 100%

4. Design Critical Forces according to
Eurocode 3

Simplified design of laterally restrained beams
exists in EC3 [11], but it refers to purlins horizontally
restrained by trapezoidal sheeting and loaded by the
gravity or uplift load. It is strictly noted that method
should not be used for application of axial forces.
Thus, for laterally restrained columns subjected to
axial force, critical forces should be determined from
a complex analytical calculation using differential
equations of stability, or by using numerical methods.
According to EC3 [11, 15], imperfection factor is
a = 0.34 for buckling curve b.

For an unrestrained column, elastic critical force for
the relevant buckling mode based on the gross
cross-sectional properties is the value obtained by
analytical analysis: N, = F,. = 58.4 kN. For the yield
strength f, = 306 MPa, non-dimensional slenderness
A =1.72 and factor ¢ = 2.238. Reduction factor for
the relevant buckling mode is x = 0.27 < 1. Partial
factor for resistance of members to instability assessed
by member checks yy, = 1. The design value of the
compression force should be smaller or equal to the

design buckling resistance of the compression

member: Ngg < Npgg = X:S Iy = 46.6 kN.
M1

For a laterally restrained column, elastic critical
force for the relevant buckling mode based on the
gross  cross-sectional  properties is  obtained
analytically: N, = F,,. = 146.0 kN. Additional data
are: 1=1.09, $=1245 , x=054<1 and

NEd S Nb,Rd == 932 kN
5. Presentation of the Results

Values of F,. obtained by analytical (Section 2.5),

experimental (Section 3.1) and numerical analysis
(Section 3.2) of selected models are shown in Table 2.
The design values Ng; based on the critical forces

obtained by EC3 (Section 4) are given as well.
6. Discussion and Conclusions

Analytical analysis for various lateral restraints
(unrestrained column, column laterally restrained by a
horizontal rigid connection, column laterally
restrained by a vertical rigid connection and column
laterally restrained by a horizontal rigid and rotational
elastic connection) shows that buckling shape is
different with and without lateral restraints, and
critical forces are much larger in the latter case for
buckling lengths considered (Table 1). The largest
value of critical force is obtained for the column
restrained by a horizontal rigid and rotational elastic
connection (Section 2.4). Therefore, that case is
selected for detailed analysis through experimental
test and numerical calculation.

Critical forces obtained by analytical, numerical
and experimental analysis of unrestrained and
restrained column are close: the relative difference is
less than 3% (Table 2). The relative increase in values
of critical forces for a laterally restrained column
compared to an unrestrained column is very large,
regardless of the approach (about 150%). It is higher
than for the design values Ny; according to EC3
(100%). If we compare results with the buckling of
the C-cross section models, the influence of lateral
restraining on the Z-cross section columns is greater
[8]. Relative increase of critical forces for the C-cross
section is about 57% [8], while for the Z-cross section
itis 150%.

Significant influence of lateral restraints on the
stability of thin-walled Z-cross sections has been
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detected and further optimization of such structural

elements is possible: critical forces are much larger if

the

model is laterally restrained. Also, relative

increase of critical forces is higher, than for the design
values obtained by to EC3.
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