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Abstract: The Cauchy problem for some parabolic fractional partial differential equation of higher orders and with time delays is

considered. The existence and unique solution of this problem is studied. Some smoothness properties with respect to the parameters

of these delay fractional differential equations are considered.
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1. Introduction

We will adhere the following notations, R" is
n-dimensional Euclidean space, x,y are elements of

this space, g = (q1,93, ---,q,) 1s a multi-index,

R

¥ 9x, 0xy 7 0x,y,
D = glal

Y 0x110x,%2 ... 0x, I

lgl =q1 + g+ +q,

a
D, = —
t PY

lx|?2 = x? +x% + - + x2
Consider the parabolic fractional partial differential
equations with time delay of the form
Dfu(x,t,p) + Z aq (x, t)Dgu(x, t,p) =
lql<2m
k

by (x, ) D} (x,t— pj,p) + h(x,t)
j=1lgl<2m

(1D
0<a<10<t<T,p=@n,..Pk)0<p; <
v<T,j=12..,k,

where v is a given positive number
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Let us suppose that u satisfies the Cauchy
condition,
u(x,0,p) = f(x)
Where f is a given function
Let C"(Q) denote the set of all functions defined

in a neighborhood of each point of a domain Q < R!,

(1.2)

and having bounded continuous partial derivatives of
all orders le-ss than or equal r in Q (r denotes a
nonnegative integer and [ a positive integer) .
We assume that f € C?™~1(R™). Let u satisfy
u(x, t,p) = F(x,t),(x,t) € Qq (1.3)
Q1 ={(xt):xER",-v<t<0,0<p <V}
Where F is a given bounded continuous function on
Q1.
Assume that F € C?™~1(R™) for every t € (—v,0),
and
F(x,0) = f(x),xe R"
differential
Ylgl=2m aq (x, t)D)! is supposed to be uniform elliptic

(1.4)
The  linear  partial operator
on R", i.e. there exists a positive number A such that
for every
(x,t)eQy ={(x,t):x ER",0<t<T}
and for every yeR™,
D™

lgl=2m

a,(x, )y? = Ay

(1.5)
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Where the number A is independent of x,t and y.
It is suitable to rewrite the problem (1.1), (1.2) in
the form

ulx,t,p) = f(x) +

) €=y

lgl<2m

ag (x,)Du(x,n,p) dn =

k

1 t
) @ 1}21 lq;m by (x, D u(x,n
—pj,p)dn
(1.6)
Where I' is Gamma function
Following Friedman [11], we assume the following
conditions.
(C;) Al the

continuous and bounded functions on Q,.(C;) All

coefficients  ag, |q| < 2m, are
the coefficients ag,|q| <2m, satisfy a Holder
condition with respect to uniformly in Q,, namely
there exists a positive constant K and a constant
y€(0,1) such that
|aq (x,t) —a,(y, t)| < K|x — y|, for all
x,yeR", te[0,T]
(C3) The aq lql =2m, of the

principle term are uniformly continuous as functions

coefficients

of t relative to (x,t) in Q.

(C)DLaeC@Q) » B=Bu.By) is a

multi-index || < 2m,|q| < 2m, and
C(Q,) is the set of all continuous bounded
functions on Q.

We assume also that coefficients b,;, |q| < 2m,

>
lative to iple term are uniformly continuous as
functions of j = 1,2, ..., k, satisfy a Holder condition

with respect to x, (similar to cond. (C;)) and
DY by € C(Q2), 1B < 2m.

In section 2, we study the existence and uniqueness
of the solution of the Cauchy problem (1.1), (1.2). In
section 3, we consider the dependence of the
parameters pq, ..., p of the solution of the considerd

Cauchy problem, compare [1], [10], [13], and [14].

2. Uniqueness and Existence Theorems

Consider the Cauchy problem

Dfw(x,t) + aq(x, t)DIw(x,t) =0
lgl<zm
(2.1
w(x,0) = f(x) (2.2)
It is well known under the conditions (C;) — (C4)
that the solution of the Cauchy problem (2.1), (2.2)
represented in the form [7]

wix,t) = [ 7Gx — y,t90) f (1), (8)dydo

(2.3)
{,(0) is a probability density function define on
(0,0)

G is the fundamental solution of equation (2.1),
when a = 1, which has the following conditions [11].
(C5)D{G, DJG, DG € (Q2 X Q2), gl < 2m

Kz(x—y,t—80)
(t—0)m
Where z(x —y,t—80) = exp[—v,(|x — y|*™/t —

(Co)|DIDEG(x,t,y,0)| <

B)Zrnl——l], (0<o<t)

vy =1/2m[lq| + |B] +n], K,v, are
constants and |q| < 2m, |B| < 2m.
(C7)|D)?[G(x' f'y,e) - G(Z, t,y,G)]|
K|x — z|'3
< ————A,
(t— )

positive

1
Where A = exp[—vs(Ix — y|#"/t — 0)2m]  +

1
exp[—vs(lz — y|*™ /t — 8)2n],

vy= 12m(|q| + v3 + n),v3 is an arbitrary positive
number< 1, K and vs are positive constants and
gl <2m, 0< 6 <t.
LetP= {peRK:0<p, <v,i=1,..,k}
Q;={(x,t): xeR",—v<t<T}
We prove now the following uniqueness theorem.
Theorem 2.1: Let u be a function defined on Q3 X

P. Let D,u,D!GeC(Q3),lql< 2m , for every
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fixed pe P. Let F =0 on Q. If u is a solution of
the Cauchy problem (1.1), (1.2) on Q,, which
satisfies the condition (1.3) on Q4. Then the solution
is unique

Proof: We set (x,0,p) =
peP, t>0.

In this case we must prove u(x,t,p) =0, for
sufficiently smallt > 0, x € R™, pe P

Using (Cs),(Cg) of the fundamental solution G,

we get

0, h(x,t) =0

I7 G(x,t,y,0)Diu(y,0,p)dy =

J7 (=Du(y, 6,p)D{G(x, t,y,0)dy

And so there exists a number ¢ € (0,1) such that

sup. |, G 06, 6,7, 0)DJu(y,6,p)dy| < = llull

t>6 24
Where ||u|| = sup, |ulx, t,p)|,|lql <2m,K is a
positive constant. According to
the conditions imposed on the considered problem,
we can write
u(x, t,p) =

k t o o
ay ) f Of _L 0¢,(O)t — ™ Gx

=y, =%
x bej(y,mDyu(y,n — p,, p)dydédn

Where
(t =
() {Pj t>p;
Thus
u(x, t,p) =

t o o®

ai [ | [0 uem

J=11gI<Zmp ()0~
—p;p)OIO) (& — T
x DY [bg;(y, MG (x — y, (t — m)?0)] dydBdn

Since D;’bqj €C(Q) gl <2m, j=1,..,k.

It follows by using (2.4) that

, X €ER™,

wm<w2f

n;(®)

f Ot —n)~c“ 0= (t

-1, (0)g(n — p;,p)dodn

k 0
t
saky [ (] 0 @do) - mEOg(
n; () o
—pj,p)dn
where
9(t,p) = llull = sup, lu(x,t,p)|
Thus

aK SIS
OSraorrnh €7

— )79 (m)dn

for
t>p; (2.5)
Where &(t) = suppg(t,p)
Ift<p;, j=12,..k,
Suppose t > p;, then from equation (2.5)

f (t — ) 1-Oe1¢(n)dy

there is nothing to prove.

akK
0= I'(l-oa+1)

It is easy to get:

KM e [r)" !
T(nd + 1)

S

for all
n=12,..
Where M = sup,é(t), §= (1—-c)a,K* is a
positive integer, lettingn — o , we get
&) =0, for all ¢.
We prove now the following existence theorem.
Theorem 2.2: There exists a unique function u,
u, Dyu, D9%ue C(Q3) ,|gq|l < 2m
Such thatu represents the unique solution of the
Cauchy problem (1.1), (1.2) on @Q,, which satisfies
the condition (1.3) on Q1.
Proof: Let us try to find the solution of the
integro-partial differential equation.
u=H+Eu (2.6)
Where H is a given function defined on @, by,
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Hee) = | [ 6Gee0) fg(@)dyae +
0 —oo

t o o
_ a—1
« Of Of [O 62, (0)(t — )™ G(x
=y, (t —=n)*0)h(y,n)dydbdn +
;1) » o

3 5 | [ [eomron

=llql<2m 0 0
= p;,p)8% ()t — !
x DJ[bg;i(y,mG(x =y, (t —m*6)] dydbdn
And E is an integro-partial differential difference
operator defined on C(Q,) by Fu =u",

k t o ©

[ | [enitun

j=1lgl<2m ;)0 —oo
—p;,p)0(O)(t —n)*!
x DI[bg;(y, MG (x — y, (t —m)*6)] dydbdn
We apply the method of successive approximation
to solve (2.7), to do this, set
U1 = H+Eu,, r=1.2,..
Where the zero approximation u, is taken to be

u*(x,t,p) = az

zero. The linearity of the operator £ leads to the
following equation
Upy1 — U = E(Up —Up—q),

using the conditions imposed on the coefficients and
the properties of the fundamental solution G of
equation (2.2), we get by a similar method of the
proof of theorem (2.1)
Ktz?r [F(S)]r—l

r'(r+1)
where K is a positive constant, § = (1 — ¢)a.

urss — el <

Thus the required solution of equation (2.6) is given

by
u= Z(ur - ur—l)
r=1

This series is absolutely and uniformly convergent
on Q, to the function u € C(Q,).
To prove the smoothness of the function u, we

consider the following equation
Vi = Dy,H + Eu; + PV, 2.7

Where
Eu; =u;, PV, = V',

[ l

uf(x,t,p)=azk: fffeia(@(t

J=1n;(®)0 —oo
—m)* by o M ul.n—p;,p)
D, [G(x —y,(t—m*0)] dydbdn
Vi (x, t,p)

k t o o

—ay Y [ [evevon

j=11<lql=22m ;)0 —oo

—p;,p)0¢(0)
x (t =¥ 1Dy, DY “I[bg;(y,m)G(x
—y,(t—m%0)] dydbdn

0,..,0),e;, =(0,1,..,0),e,

= (0,0, ...,1)

d
sz :a_xi'el = (1'

are the unit vectors

If the solution V; of equation(2.7) exists in the
space C(Q3), then the partial derivative D, u exists
forevery i =1,...,n and

Vi = Dy,ue C(Qz)

Using a similar technique to that used to prove the
existence of solution of equation (2.6) in the space
C(Q2) and noting that u is a known function in the
space C(Q,) and using the conditions (Cs5) and
(Cg) of the function G, we deduce that equation (2.7)
has a unique solution V; in the space C(Q,), for
every [ =1,..,n

Andso V; = D, ue C(Qy), compare [2]

By induction we can prove that D;’iu € C(Q,) for
lq| < 2m.

Now to prove that D!e C(Q,) for |q| = 2m, we
need to prove first all the partial derivatives D]u
satisfy for |q| < 2m, a Holder continuity condition
with respect to x.

To do this, we notice that

Dfu(x, t,p) — Dfu(z, t,p)

= DfH(x,t,p) - D‘ZBH(z,t,p) +
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k t o o®

| os@@-mtbymm

J=1lql<2mn;(£)0 —oo

x DJu(y,n,p)[DL G(x - y, (t —1)“6) - DL G(z -

y, (t —n)*6)] dydbdn
Where |8 <2m
Using condition (C;) of the function G and
remembering the conditions imposed on the
coefficients of equation (1.1) we can prove that there

is a constant ye (0,1) such that
Dfu(x, t,p) — Dfu(z, t,p)|< K |x —z|" forall

x,Z€R"
Where the positive constant K, is independent of
x,z and t.
This completes the proof of the theorem.

3. Properties of Smoothness

In this section we consider the dependence on the

parameters Py, ..,Pr. We shall deduce some
smoothness properties of the solution u (x,t,p) with
respect to p, compare [10].

Theorem 3.1:

derivatives DiF on Q , then u has continuous

If F has continuous bounded

bounded derivatives

D;iuoan X P, Dy, =aipi,r= 1,2,...,i=1,..,k

Proof: For a fixed t € (0,T] and a fixed x € R",
we consider the following equation

DI (P + Y a (oD, (x6,p)
lgl<2m
= Fo1 Digl<zm bgy (1, DIV, (x,t —pjp) (3.1
Where peP,
v (xt=p;,p) =

{DgiF(X,t - i) p'i = F’i =J for some fixed
0, pp=t,i#j
i=1,..,k
Assume that
V. (x,0,p) =0 (3.2)

Equation (3.1) can be obtained from formally from

equation (1.1) by applying formally the partial
differential operator Dy, .

If the Cauchy problem (3.1), (3,2) has a solution,
then we deduce immediately that

Dyu= V., €C(Qy xP).

The Cauchy problem (3.1), (3.2) can be transformed

to
%00 tp) = a | e rom
lgl<2m 0 0 —oo

— )0, (O)(t —n)*t
x DY[bg (v, MG (x =y, (t —m?6)] dydfdn

t 0 (oo
ta i Bigiem [ oo LoD 00 -

P;» )03 (0)(t =)t x D)l [bg, (v, MG (x —

y, (t =m)*6)] dydbdn (3.3)

Similar to theorem (2.2) we see that equation (3.3)
satisfies the required. It can be also proved that

du(x,t,p)

=0,fori#j
apiapj /
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