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Abstract: We introduce a modification of Kantorovich-type operators in polynomial weighted spaces of functions. Then we study
some approximation properties of these operators. We give some inequalities for these operators by means of the weighted modulus
continuity and also obtain a Voronovskaya-type theorem. Furthermore, in our paper show that the operators give better degree of

approximation of functions belonging to weighted spaces than classical Szasz- Kantorovich operators.
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1. Introduction S ( f)( x) _

In 1930 Kantorovich operators

)

e—nxi (nx)* f[é), xe R, =[0,)

K =L [0,1] - C[O,l] were introduced by the i K
for fe Cpa where Cp with fixed
PeN,:= {0, 1, 2,~-~} denotes  the  polynomial
K, (f ) (x) = weighted space generated by the weight function

» o (1) oY
(n+1)Z[ijk(l—x)"kjf(s)ds,neN wo(x)::l,wp(x)::[l+x j ,p21, Q)
k=0

k
n

following operators:

ie. Cp is the set of all real-valued functions f°
(see [4]) where [ € L;[0,1] and x€[0,1]. Clearly,  continuous on R, and such that w, /" is uniformly

Kantorovich operators are linear and positive. Note continuos and bounded on R,. The norm in C , is

that Kantorovich operators are extension of classical defined by the formula

Bernstein  operators in order to study the
approximation in the integrable function space Hf ”p _Hf (')Hp'_ ESRE) Wp (x)‘f (x)‘ “)
L[0,1]. Inspried by these operators many authors
1[. ] P ) y .p y ) In [2,10], the degree of approximation of fe Cp
studied Kantorovich extensions of some linear
. ) by the operators (2) were proved. It was proved that
positive operators, some are in [1,6,9,12] and
references therein. In the last decade, these kinds of lim S, ( f )(x) =f (x) Q)
n—0

researches have been continuied.
for every fe Cpap €N, and xe R,. Moreover,

the convergence in 5 is uniform on every interval
[xlaxz}axz >x, 20. Then, Z.Walczak made some
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In 1978 Becker [2] studied some approximation

problems of Szasz-Mirakyan operators.
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Clly (x):= {fecp Zfecp} and defined the

following modulus of continuity W1(f ;C it ) for
feC,

Cp;t) = sup ‘Ahf ,VteRO (6)

0<h<t

Wl(f;

where Ahf(x) =

Therefore

f(x+h)—f(x) for h,x € R,.

limw, (/;C,:t)=0,feC,.

1—0"
Morever, if J € C;, then there exists a positive

constant M such that W, (f, CP;Z)SMII for
t € R,. He introduced the following operators: Let
PE NO,’” € N be fixed numbers. For f € Cp’

A:(f;r;x) =

where
o £
V)= 8
g(tr) ;(kﬂ)! (8)
and
l l ; r—l1 t]
g(0r)==,g(t:r)=—| € -D. = |,teR. (9
r! t =

Szasz-Mirakyan Kantorovich operators is defined
as follow;

T (f)(x) = ne”xi(ijk%j‘ f(t)dt (10)

for ~x€R,peN,:={1,2,3,.}, feL[0,0).
Some modification of the operators may be viewed in
[3,4,5,8]. In this work, we consider a Kantorovich-
type modification of the operators (7) and obtain the
results of Walzack [11] for these operators. Also we

study convergence properties of these operators for
. . 1
functions in Cp and C,.

2. Construction of the Operators

Definition 1. Let p€ N, and ;¢ N be fixed

numbers and (an) be a positive sequence such that
lima, = co.

n—0

operators

A, (firx)=

For functions J € Cp, we introduce the

k+r+l

(a,x+1)" ¢ t
((ax+1) r)kz(; k+7r)! ;.;f(anx+1}dt°

an

(11)
where (8)-(9) hold.
Linearity and positivity of the operator A, are

clear. Also, we see easily that the following holds;
1
g(tr)

We shall prove that A, is an operator from Cp

<7l (12)

into C,, for every fixed p € Ro In this paper, we

use notation g, (X) instead of g((anx+1)2;r).
The moments are obtained as follow:

A (1;r;x)=l, (13)
A, (t;r;x) =
1
I+ ———+
[ 1 J 2(a,x+1) (14)
X+— ,
a, 1
(a,x+ 1)? (r —1)!gw (x)
A, (tz;r;x) =
2
x+L 1+ 2 + ! (15)
a, (a,x+1)° 3(ax+1)"
1

+ > [1
(a,x+1)°(r-Dlg, (x)

r+1 J:l
+ ;
(a,x+1)°
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3
An(t3;r;x):(x+L} [1+ 3 > !

+ +
(ax+1) 3(ax+1)"  4(ax+1)°

an
(16)
1 2r+7  2r+3r+2
+ - + =+ -
(@x+ P -Dlg, (| 20ax+)’  2ax+D)
for every fixed numbers r, ne N and x € Ro- DS R(), we have
3. Main Results 4, ((t —x);r;x) -
We can prove following the Lemmas by using i.,. ! + ! ,
(11)-(16). a, 2a,(ax+1l) a,(ax+D)(r-Dlg, (x)
Lemma 1. Let ne N be fixed. Then for all 17)
r—1)! x)+3(r+1)+3(a,x+1)
An((t—x)z;r,x):%—l—( ) f‘n,r( ) 2( ) ( n )
a2 6ai(ax+DP(r-Dlg,, (x)
(18)
B X N —x(a,x+1)’(r-DHH+a’x’(a,x+1)° N (a,x+1)*(r=1)!
2a’(a,x+1) a’(a,x+1)*(r-1! a(a,x+1)°
3 2 2(af +a, +1)(anx+l)3 (r=1)'g,, (x)+2r* +3r+2
An((t_x);r;x):_3+ 3 3 :
a 2a; (a,x+1)’ (r-1)lg,, (x)
N Aa,x+1)+2r+7)(a,x+1) N 6(a,x+1)’ +a (a,x+1)° _ bx(a,x+1)
2a’(a,x+1)° 2a’(a,x+1)° 2a(a,x+1)°
19)
X 3x(r+1) -12a} (r-1)!g,, (x)-3xa,

- as (a,x+ 1)2 - ai (a,x+ 1)2 (r —1)!gw (x) " 2n’ (r —1)!gw (x)

—3x(a,x+1)+3x’a’ 3x(a,x+1)° B X N 3x°
as(anx+1)2(r—1)! (anx+l)(r—l)!gn,r(x) a(a,x+1) an(anx+l)'

Lemma 2. Let r, s € N be fixed Then there exist positive numbers & ; depending only J>S, V; and

:Bs, J (” ) = ,,./‘71’ dependingonlyon J and s, 1<j<s such that

s+l
1 s+1 1 }/ ﬂ (r)
A (£ x) = — _— ; - - 20
(7rsx) (“an] {jzlwml)z“‘“(a”+(a,,x+1>2+(anx+1>2(r—1)!g,,,r(x)J}( )

forall e N and x€ R, where &, =0, =y, = LA, (7”) and &, ;>7; are constants.
Proof. We prove this lemma by using the methods and results of Lemma 2 in [11]. From (13) and (16) we see

that (20) is obtained for s =0,1,2. Let (20) holds for f] (x) =x',1< J =S with fixed s N. We shall
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s

prove (20) for fj (x) =x""". From (7), (11) and (12) it follows that

1 SZH(S + zjrﬁli

i=1 1

+
(s+2)a  (a,x+1)™"  (s+2)a(a,x+1)"'(r-1'g,, (x)

A, (t”l;r;x) =

X
cf+1 (a,x+1) (s+2)a‘+l(a x+ )" S

s (s+2
Z[ . j Hl) _
! + =l ((S+1) lj (a x+1)lan’A: (t’;r;x).

Using results of Lemma 2 in [11] and taking the assumption into account, we get that

1 SZH (S —l— 2) rs+1—i
A, (t”l;r;x) = =

+
(s+2)a M (a,x+1)""  (s+2)a)"(a,x+1)" (r-D!g,, (x)

s (s+2
) e

at(ax+1l) (s+2)a(ax+1)"" 5 [

PR Pl
(a,x+1) Z(a X+1)20 [a,, +(anx+1)2(r—1)!g,,,,(X)J

s+l SZH g + 2 I"(Hl)ii
( 1 J 1 e
=| x+— 1

a (a,x+1)* i (s+2)(a,x+1)*(r-1)lg,, (x)

n

s (s+2
7] e

+ + - -
(s+2)a,x+1)"  (s+2)(a,x+1)*"" 5 (a,x+ 1)*0

Xl a,  + ﬂl’j (r)
Y (ax+ 1) (r-1)lg,, (x) )|

Hence we have the desired result of (20).
Lemma 3. Let pe N, and r € N be fixed. Then there exists positive constants M,=M, ( p,r ) and

M, =M, ( p.r ) depending only on the parameters p and r such that
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1 pe

A4,(f3r5) p£M3Hf
Proof. For p=0, weget 4,(f;;x,¥)=1.Let pe N befixed. From (11)-(16) we have

wp<x>An(

<M,,neN 21

P
and forall f € C,,, we have

,neN. (22)
4

1 .

w, (t)’f;r;x}:Wp(x){l-i_An(tp;f;l”;x)}

(l)z 1 ((H A N0 ]

Cl+x” 1+ Sax+ )Y @+ (ax+1) (r-1)lg,, (%)

4 B, (r) .
< 1+p(as,j + (anx+1)2 + (anx+1)2 (I"—l)!gn’r (x)] < ]\42 (p’r)_

Thefore, we obtain
a, a (anx+1)2k f
< Z (k-f-l")' iwp(x)

1 ] SrsX
Wp(x)A{W’f’ ’ J w, (x)g,, (%)=

t
f
(a,x+1)
which gives the desired result. For (22) we have the following inequalities;

4 (::_8 f;r;x] 4 (sup( pr(f))ﬁ;r;x%u f”pAn[Wpl(t);r;x].

Therefore, using (21), we get (22).

Lemma 4. Let pe N, and reN be fixed. y ((t—x)S‘r‘x)+(1+x)A ((t—x)z‘r'x)p
Then  there  exists a  positive  constant " Y " > >

M,=M, ( p,r) depending only on the parameters neNn.
p and r such that

dt,

If p=1 then

M
<—tneN. (23) An((t—x)z/wl(t);r;x)z
A, ((t —x)z;r;x)+ A, (t(t —x)zgr;x) =
1-3 and (11) imply (23). By (3) and (13)-(16) we have y ((t —x)3'r'x) +(1 + x)A ((t _x)z_ r'x)

A, ((t—x)z/wp (t);r;x) =
which by (4) and (12) yield (23) for p,n e N.
An ((z‘ —x)z;r;x) + An (t(t —X)Z; V;x) = Let p>2. Applying Lemma 2, we get

Proof. For p =0 the formulas given in Lemmas
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w, (x) A4, (tp ((l —x)z);r;x) =w, (x){[xjtijp+2 }f%(l)

) A @x+ )

p+l
. (r p+l
X[ @, + Y =+ '6;’”2”( ) —2x(x+L] z—l )
(an‘x+1) (anx+1) (r_l)!gn,r (x) an Jj=1 (anx+1)

}/j ﬂp+1,j(r) 2 1 ’
X 0{p+1)j+ >+ 5 +X7| X+—
(a,x+1)"  (a,x+1)(r=-Dlg,, (x) a,

XZp: Vi B,
= (anx+1)2<f o\ % T (a,x+17  (ax+1)Y(r-D!g, (x)

=w (x){(x—i—ljp (a”le)z |:1+ ! >+ > ! }
b n n (nx+1)°  (mx+1)°(r-D!g,, (x)

p+2 1 ) 7
+z 2(j-1) ap+2 J + 7/ 2 + fp” ]( )
o (mx+1)7 T (mx+1)” (x+D)(r-Dlg, (%)

—2x(x+l]p_(nx+l)[l+ ! >+ 5 ! H
n)| n (mx+1)° (mx+1)"(r-Dlg,, (%)

+x2(x+—Jp e— 1 j
n (nx +1)° (nx+l)2(r—1)!gn’r(x)

2 1 7 B,,(r)
+z—._ a, .+ + 5
Smx+D)V (ax+1) (e + 1) (r-1) lg,, (x)

which by (11) and (4) imply

y 1)y 1 R - 1
_Wp(X) x+a— m +r+;m

p+l
X(ap+2,./+7/j+r p+2/ ) 2x 2((1 x+1)2(1 1)( p+l,_/‘+7/j+r'Bp+1,j (l”))
Jj= n
AN 1
+Xx szap,j+yj+rﬂp’j(r)
J= n
M,
= a’f

for xe R, and n,r e N.
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4. Approximation Behaviour of A4,

In this

approximation behaviour of 4,,.
Theorem 1. Let pe N, and e N be fixed

numbers.

section, we will investigate the

Then there exists a positive constant

M =M, ( p,r ) depending only on the parameters

p and r such that for every /e C:, and 7€ R,
we have
HA firs. \ ,neN. (24)

Proof. Let Xx€ R, be a fixed point. Then for

feCII, and t€ R, t>x wehave
SO=1 @) =]r@)de. @3

By linearity of 4,, (24) and (5) we have

4,(f (0573%)= f (%)) =

A, (j-f(u)du;r;xj, nen.

From (3) and (4) we obtain that

(26)

1 1
<|f + t—x|,
| {wpm wp<r>}' -
tL,xeR,.

Then, we get

)|, (£ (0)irx) =1 (x)] =
(28)

) (v';i');”]

for ne N. By the Hélders inequality and by
Lemmas 1-4 and by (12) it follows that

SVREA(S

An( rx)<
{A ((t x) rx)}z{A{wpl(t),r,xJ}
SMﬁ(p,r)
w (x)A [|t—x| r'x]é
’ ' Wp(x)’ ,
w (x (t_x)zrx ’ ! rix :
ol S ()
s@,neN (29)

n

Hence and by (28) and (29) we obtain (24).
5. Rates of Convergence

In this section, we compute the rate of convergence

of 4, (f;’”;-) to f(.) by means of the weighted
modulus of continuity given by (6).
Theorem 2. Let pe N, and re N be fixed

numbers. Then there exists a positive constant

M, =M, ( p,r ) depending only on the parameters
p and r such that for every f € C:, and ne N

we have

HA fr H<M8w(f 1j,nEN.

(30)
Proof. Let /€ Cp- We use the Steklov function

fh(x):=%jf(x+u)du,xeR0,h >0. (31)

From (31) we can write

/! (x)

which imply

:%Atf(x),xeRo,h >0 (32)
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1 =11, <wi(f3C, ), (33)
5 <k (£:C,5h) (34)

for };> (. From this we deduce that fh € C,l, if
fe Cp and } > (). Hence for (32) we can write

w, (x)(4,(f3r0) = f(x) <

w, (A4, (f = £352)| +]4, (fi3%) = £, (%)
+H14,(0-1 ()]

= L, (x)+ L, (x) + Ly (x)

for neN,h>0 and XERU . For Ll(x)a by
using Lemma 3 and (33), we get

ILl, <M, |7~ fi]<

MydﬂgmyL

LSWU“%@-

Similarly, by using Theorem 1 and (34) it follows
that

HLz‘p— _%wl(f;cp;h)h>0,neN.

Consequently,

A (f;r;.)—f(.)” <

p

1+M1+a—1hM2}wl (f;Cp;h).

n

setting h:i in the
a

n

Now, for fixed ne N,

last equation we obtain
1
A, (f;r;.)—f(.)”p <M (p.r)w, [f;Cp;a—].

From Theorems 1 and 2 we will give the followings

corollaries:
Corollary 1. For every fixed re N and

fecpap € Ny we have

lim|4,(f3r:)-7 ()] =0 63

n—0

reN and

1
() = O(a_j (36)
as n — oo.

Theorem 1 and Corollaries in our paper show that

Corollary 2. For every fixed
1
fECp,pENO then

A (fsr)-f

the operator 4, , ne N give better degree of

Cp:fec; than

operators.

approximation of functions fe

classical Szasz-Kantorovich Because

|
degree of our operators convergence is — but
a

n

classical Szasz- Kantorovich operators’s degree of

convergence is —,
n

Theorem 3. Let » € N be fixed number. Then for
all feC; and € N we have

lima, {An (f;r;x)—f(x)} = f’(x) (37)

n—>0

for every x> 0.
Proof. Let x>0 be a fixed point. Then by Taylor

Formula we get
S(6)= 1 (x)+ 7 (x) (=

for teR, Where 6‘(1)5 (
belonging to p and € (X
(13)-(16) we have

A (fimx)=f(x)+
f(x)4, ((t—x);r;x)+A,,(8(t)(t—x);r;x).

(38)

) g(t x)(t—x)

) is a function
Hence by (11) and

By the Holders inequality and (38) we have

A, (g(t;x)(t —x);r;x) <
{An (52 (t;x);r;x)}é{/ln ((t - x)z; r;x)}é.

By Corollary 1 we deduce that
lim 4, (52 (t);r;x) =&’ (x)=0.

n—>0

From above equation and Lemma 1 we get
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lima, 4, (&(t)(t—x);r;x)=0.

n—x0
Theorem 2 show that rate of our operators for

pointwise convergence is more fast than classical

Szasz-Kantorovich operators. Because our operators
. 1

convergence is —  but
a

n

rate  of classical

Szasz-Kantorovich operators rate of convergence is

l pointwisely.
n
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