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Abstract: In this article, we discuss singular Hermitian matrices of rank greater or equal to four for an inverse eigenvalue problem.
Specifically, we look into how to generate n by n singular Hermitian matrices of ranks four and five from a prescribed spectrum.
Numerical examples are presented in each case to illustrate these scenarios. It was established that given a prescribed spectral datum
and it multiplies, then the solubility of the inverse eigenvalue problem for n by n singular Hermitian matrices of rank r exists.
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1. Introduction

A matrix A is said to have rank r if it contains at
least one r-rowed square submatrix with a nonzero
determinant, whereas the determinant of any square
submatrix having r + 1 or more rows, possibly
contained in A, is zero. A is said to have rank zero if
all its elements are zero. Any n-rowed square matrix A
has rank r < n if and only if |A] = 0. A is called a
singular matrix in this case. The matrix has rank r = n
if and only if |A| # 0 and is then called a nonsingular
matrix [1].

An inverse eigenvalue problem deals with the
reconstruction of a matrix from its spectrum. The aim
of an inverse eigenvalue problem is to construct a
matrix that maintains a certain specific structure as
well as the given spectral property. The fundamental
questions associated with any inverse eigenvalue
problem are the issue of solvability and computability.

Effort in solvability has been made to determine a
necessary or a sufficient condition under which an
inverse eigenvalue has a solution. On the other hand,
the concern of computability has been used to develop
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a procedure by which a matrix can be numerically
constructed. These two fundamental questions are
challenging and difficult. Inverse eigenvalue problem
arises in a broad variety of applications. It includes but
is not limited to circuit theory, particle physics,
structure analysis, exploration and remote sensing,
system identification, principal component analysis
and control design.

Research on inverse eigenvalue problem has been
intensive, ranging from algebraic theory to
engineering application, but the results are widely
spread even within the same field of discipline. Only a
handful of the problems discussed have been solved,
despite the great effort found in this area of research
work. Recently the solution to the inverse eigenvalue
problem for singular symmetric matrices of rank, r =1
and singular Hermitian matrices of rank, r=2 and r =
3 have been studied respectively in Refs. [2, 3]. In this
research, solution of the inverse eigenvalue problem
for singular Hermitian matrices of rank, r =4 and r =
5 is considered.

This research is organized as follows: Review of
how to reconstruct singular Hermitian matrices of
rank 2 and 3 from its prescribed spectrum is looked at
in Section 2. We present the new result on the solution
to inverse eigenvalue problem for singular Hermitian
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matrices of rank 4 and 5 in Section 3. Conclusion and
recommendation are given in the last section.

2. Preliminaries

In this section, we take a look at a review of some
previous results obtained by other authors in respect
of solution to an inverse eigenvalue problem for
singular Hermitian matrices of rank r < 3 and some
necessary proposition, lemmas, corollary and
theorems associated with this research work.

We begin with 2 <2 singular Hermitian matrices of
rank r = 2. Singularity is obtained by multiplying the
first row by prescribed scalars. We denote an n xn
singular Hermitian matrix of rank r by Agp. In this
case, we write R;;1 = kR; to denote the ith row is k
times the first row, where k € R. We also denote the
spectrum of A, by Ap = {A4, Az, ..., An}. If the rank of A
is r, then we assume Aj#0 fori=1, .., rbuti=0,i=
r+1,..n.

Lemma 2.1. Let A be a non-traceless, symmetric
matrix of rank r with non-vanishing elements. Then
there exists a one-to-one correspondence between the
elements of A and its distinct non-zero eigenvalues if
and only if r =1 [4].

Proof:

Let the given Hermitian matrix be of rank r, then,
clearly, the number of independent elements is r(r +
1)/2. Thus a one-to-one correspondence will exist
between the elements of the matrix and its distinct
nonzero eigenvalues if and only if r(r + 1)/2 = r, i.e. if
and only if r = 1.

Corollary 2.1. The inverse eigenvalue problem has
a unique solution for singular symmetric matrices of
rank one with prescribed linear dependence relation.

Proposition 2.1. If the row dependence relations for
a Hermitian matrix of rank 1 are specified as follows:

Ri=ki-1Ry,1=2,...,n-1
where R; is the ith row and each k; is a non-zero scalar,
then the matrix can be generated from its non-zero
eigenvalue A.
Proof: See proof in Ref. [5].

Proposition 2.2. The trace of an n xn square matrix
A is the sum of the eigenvalues.

Proof: See proof in Ref. [2].

Proposition 2.3. If a square matrix A has one row
(column) as a scalar multiple of another row (column),
then A is a singular matrix and det A = 0.

Lemma 2.2. Entries of singular Hermitian matrix A
= [ay] of rank r = 1 with nonzero eigenvalue A € R and
which is such that R; = ki.1Rj.; where kie Ci=2, ..., n,
and R; is the rows of A and the row can be generated
in the from:

A
C L R+ R PR+ e ]2 e |2

i—1
Qij = a1 (H ks)
s=0

Theorem 2.1. Given the spectrum and the row
multipliers for ki, i = 1, ..., n-2, the inverse eigenvalue
problem for n x<n singular Hermitian matrix of rank 2
is solvable.

Proof: See proof in Ref. [2].

Theorem 2.2. The inverse eigenvalue problem for
an n x n singular Hermitian matrix of rank r is
solvable provided that n-r arbitrary parameters are
prescribed.

We now use numerical examples to illustrate
singular Hermitian matrices of size 2 < n < 4 and of
ranks 2 and 3.

Case 1: Given n = 3, r = 2, the singular Hermitian
matrix A ) is of the form:

ail

and

@11 kai; 13

:—’1(3.9) = | kaqy |L‘|2au kais

a3 kais asa

tr (As2) = M + Az = an(l + k) + ass. Thus ay =
A/(1 + k) and A, = ags. a3 is a free variable.

Suppose =1, A, = 2, k =3i and a;3 = 2 + i, the
following singular Hermitian matrix A is obtained
as follows:
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1 —3i
0 10 271
3i 9 0 | A
44{3_2} = ﬁ 10 3+ 67
2447 3—6i 2
Case 2: If n =4, r = 2, then A 5 is of the form:
Auz) =
arn kyai kiko a4
kraqy ky 261-11 |k1|21f~‘20-11 kyayy
A . 121, 2|1..12 N =
Fikoarr  |ki|*k2air k|7 |k2| a1 kikoaia
a14 kias kikaais 44

tr(Auz) = A+ Az = aa(1 + kol + [KefPlkal) + a4

This implies that:

a1 = M/1 + [Ke® + [ka’lko]” and A, = @us. a14is a free
variable.

IfM=3,2%=5k =2i,k,=1+2iandaj;s;=1+1i,a
singular Hermitian matrix is generated below:

Az =
% _2? % 1—1 \
% Pt 242

g B R 246
1+i 2-2 -2-6i 5 )

Case 3: Here the inverse eigenvalue problem for 4 x
4 singular Hermitian matrices of rank 3 is considered.
Thus A3 is of the form:

44{,_1“'3} =
a1l ka1 ais ai4
kain  |klPain  kaiz  kauw
13 kaya asa 34
\ a4 kayy asy Qg

tr(Aus) =M+ +Az=an(l+ kP’) + ass + aua.
A singular Hermitian matrix A 3) is obtained if we
let =2, Ay =-1, A3 = 5, k = -i, ap =2+ i, a14:2i

and a4 = 1-3i:
Aws=
1 i 2—q —24
—i 1 —1-2% =2
2+4+i —1+4+2¢ -1 14 3i
2i -2 1— 3 5

Case 4: Lastly we present 5 x5 singular Hermitian
matrices of rank 3. Then A 3 will be of the form:

14(_5.3) =
ai kiai k1kaan a ais
2 21 L o
kiai Ei]%an ki|*koary kiaqy kias
Er ke k1|k ki [?|k2)? kikedia  kikea
1thkea1r  |ki|"kearr  |R1|%|ke|*e1r  kikeans  kikeans
aiq kiaiq kikaais 44 45
ais kiais kikaais ass ass

tr(Asa) = M+ ho + hs = an(l + ki + kiffkal?) +
a4 + ass. This implies that a;; = M/1 + [ke® + [kolkof?,
Ao = aus and A3 = ass. A, 35 and ass are the free
variables.

Now given My =13, A, =-3,A3=5,k; =2i, k, =1+
i, a4 = 4, a;5 = i and ass = 3-i, we obtain the 5 x5
singular Hermitian matrix below:

Apsz) =
1 -2 —2(1+4i) 1 —i
2 4 A(1—1) &i 2
—2(1—i) A(1+1) 8 —8(1—1i) 2(1+1)
4 -8 —8(1+1) -3 3+i
i 2 2(1 —1) 3—i 5
3. Main Result

At this stage of our study, we focus on inverse
eigenvalue problem for n x n singular Hermitian
matrices of 4th and 5th rank, where rank r < n.

Singular Hermitian matrices of size n = 5 and of
rank r = 4 denoted by A 4) are of the form:
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44{5.4} =

a;y kay  dyy Gy ags \
kaiy |k|2a11 kays kays kaps
a3 kays azz  aszy  ass
a14 kayy azy  a4q4 Q45

55 )

The free variables are a;3, a4, a5, Azs, Azs and aus
trAss =A + Ao+ A3+ A = ag(l + k%) + ass + aq +
ass. Thus ay =A/(1 + KP), As = a3, Ag = aug and Ay =

15 kays azs Qg5

For instance, given Ay =5, 4, =2, A3 =-1, A\ = 3, k
=-2l,a;3=1+i,au=i,a;5=2i,a3s=1-2i,azs=1+
2i, and ags = 1 + 3i, a singular Hermitian matrix As 4)
is generated below:

Ay =
1

1+i —242 2 1+20 1—2

i —2 1-2¢ -1 1-3i

2i —1 142 143 3

Next we consider singular Hermitian matrices A 4

ass. which is of the form below:
( an kia1y k1kaai: aiq ais a6 \
. 2 . 127, = .= .=
kirai ki|“a1r |k1|*kaa11 kiaws  kias  kidis
A 2 211,12 o i o o
kikoair |ki|*koa1r  |k1|%|ke|®a11  kikeaia  kikears  kikeaie
44(6_1) = B o
aiq kiaia kikoary aqq a4s a46
a5 kiays kikpays Q45 Q55 Q56
\ aie kiag kikpase a46 56 age )

The free variables in this case are a4, ass, aig, s,
A and asg.

tr(Awa) = M+ A2+ Ag + Aa = an(L + Kol + kefkal?)
+ @y + ass + ags. This implies that ayy = A1 + [kef* +
lkaflkal?, A2 = @us, A3 = ass and Ay = age.

For example, when k; =i, ko = 2i, Ay = 12, A, =3, A3
=4, =5 a1 =141, a5 = 3i, a; = -2i, ass = -i, s
=2 +iandas = 3 +iis given, a singular Hermitian
A 4 is formed below:

A =

2 —2i —4 1—14 —3i 2
2 2 —44 1414 3 -2
—4 4i 8 —2(1—14) 61 —4i
1+4 1—di —=2(1+14) 3 7 22—
3i 3 —b61 —i 4 3—i
—2i =2 4i 2414 3+1 5

Finally we look at singular Hermitian matrices A s
which is of the form:

Age,s) =
[an  kann @z aw ans

aig \
kaiq |k|2a11 kais kawy kais kaig
a3 kais @33 Q34 G35 Q3

ayg  kayy  azy  agy Gy Age

ais  kays  azs  ags  ass  ase

\ aie kaie asg asg  asg a6 )
In this case the free variables are a;3, a1, @15, A16,
ag4, Ass, A36, 45, Age AN Ase.
tr(Aes) =M +A + Az + A+ hs=an(l + k) + ags
+ @y + ass + Ags. Thus ayy = M/1 + K, Ao = ags, Ag =
A4, Mg = Ass, and As = Age.
Supposek=1,2,=2,23=3, A4 =4, and A5 = 5, as3
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=i,ay=-2i,a5s=3i,as=4i,aza=1+1i,as=2+1,
Azg=3+i,ass=4+1i,a,=5+1and ass = 1-i, then a
singular Hermitian matrix Ags is generated as
follows:

Proposition 3.1 The solution of the inverse
eigenvalue problem for A, leads to the solution of
an rth degree polynomial equation in aj; of the form

[2]:

afy (14 |ko[? -+ [k )7 (ZA ) (1+ |key|?
T k+1
> (11

) S e
k=1 i=k

k=1

4. Conclusion

It has been established that infinitely many
solutions exist for n > n singular Hermitian matrices
of rank r, where 3 < r < n, when given the eigenvalues
and some specified parameters. Numerical examples
were provided to illustrate these results.

We recommend the use of a mathematical software
package for the numerical computation of an n < n
singular Hermitian matrix of rank r > 6.
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