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Abstract: A new constant C (X) for any Banach space X is introduced. It is proved that C (X) < 2 implies the weak Banach–Saks 

property for the space X: In particular, C(ܿ݁ݏ) is found for Cesàro sequence space ܿ݁ݏ(1 < p <  ∞ ). Moreover, it is shown that the 

space ܿ݁ݏ(1 < p < ∞) has property ሺߚሻ. 
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1. Introduction 

Let ࣨ and ࣬ stand for the set of natural numbers 

and the set of reals, respectively. Let (ܺ, ԡ. ԡ) be a real 

Banach space and ܺכthe dual space of X. By ܤሺܺሻ 

and ܵሺܺሻ, we denote the closed unit ball and the unit 

sphere of ܺ respectively. For any subset ܣ of ܺ by 

conv ሺܣሻ  ൫ܿݒ݊തതതതതതതሺܣሻ൯ we denote the convex hull 

(closed convex hull) ofܣ  ߯  is the characteristic 

function of ܣ. Clarkson [1] introduced the concept of 

uniform convexity. 

A norm ԡ. ԡ is called UC (uniformly convex) if, 

for each ߳  0, there is ߜ  0 such that, for x, 

y א ܵሺܺሻ, the inequality ԡݔ െ ԡݕ  ߳ implies 

ฯ
1
2

ሺݔ  ሻฯݕ ൏ 1 െ  ሺ1ሻ ߜ

A Banach space ܺ is said to have the Banach–Saks 

(resp. weak Banach–Saks) property if every bounded 

(resp. weakly null) sequence ሺݔሻ in ܺ admits a 

subsequence ሺࣴሻ such that sequence of its arithmetic 

means ൛1 ݊ൗ ሺࣴଵ  ࣴଶ  ڮ  ࣴሻൟ is convergent in 

norm (see Ref. [2]). 
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It is well known that every Banach space ܺ with 

the Banach–Saks property is reflexive and the 

converse is not true (see Ref. [3, 4]) proved that any 

uniformly convex Banach space ܺ has the 

Banach–Saks property. Moreover, he also proved that 

if ܺ is a reflexive Banach space and there is 

ߠ א ሺ0,2ሻ such that, for every sequence ሺݔሻ 

in ܵሺܺሻ. Weakly convergent to zero, there are 

݊ଵ,  ݊ଶ א ࣨ satisfying 

ฮݔభ
 మݔ

ฮ ൏ ߠ . Then ܺ has the Banach–Saks 

property. 

For a sequencሺݔሻ ؿ ܺ we define 

ሻ൯ݔ൫ሺܣ ൌ lim՜∞ ݂݅݊ ൛ฮݔ  :ฮݔ ݅, ݆  ݊, ݅ ് ݆ൟ. 

According to Kakutani’s result (see Ref. [4]), we 

introduce the following new geometric constant 

connected with packing constant (see Ref. [5]) and 

with the Banach–Saks property: 

C ሺܺሻ ൌ

sup൛ܣ൫ሺݔሻ൯:   is a weakly null sequence in ܵሺܺሻൟݔ

Recall that asequence ሺݔሻ is said to be an 

߳-separated sequence if, for some Ԗ>0, 

SePሺݔሻ= infሼԡݔ െ :ԡݔ ݊ ് ݉ሽ  ߳. 

A Banach space is said to be nearly uniformly 

convex (NUC) if, for every ߳ >0, there exists 

ߜ א ሺ0,1ሻsuch that, for every sequenceሺݔሻ ؿ  .ሺܺሻܤ
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With sepሺݔሻ  ߳, we have 

Convሺሼݔሽሻ ת ሺ1 െ ሺܺሻܤ ሻߜ ്  

According to Ref. [6], for any ݔ ב ሺܺሻܤ , the 

dropdetermined by x is the set 

,ݔ൫ܦ ሺܺሻ൯ܤ ൌ ሽݔ൫ሼݒ݊ܿ   ሺܺሻ൯ܤ

A Banach space X has the drop property (D) if, for 

every closed set C disjoint with ܤሺܺሻ, there exists an 

element x א C such that 

,ݔ൫ܦ ሺܺሻ൯ܤ ת ܥ ൌ ሼݔሽ.  

In Ref. [7], Rolewicz proved that if the Banach 

space X has the drop property, then X is reflexive. 

For any subset C of ܺ , we denote by ߙሺܥሻ its 

Kuratowski measure of non-compactness, i.e., the 

infimum of such ߳>0 for which there is a covering of 

C by a finite number of sets of diameter less than ߳. 

Goebel and S. ekowski [8] extended the definition 

of uniform convexity replacing condition (1) by a 

condition involving the Kuratowski measure of 

non-compactness, namely, that a norm ԡ. ԡ in a 

Banach space ܺ is ∆UC (∆-uniformly convex) if, for 

any ߳>0, there is 0<ߜ such that, for each convex set 

ሻܧሺߙ ሺܺሻsuch thatܤ contained in the ܧ  ߳, we have 

infሼԡݔԡ: ݔ א ሽܧ ൏ 1 െ  .ߜ

It is well known that ∆UC coincides with NUC. 

Rolewicz [7], studying the relationships between 

NUC and the drop property, has defined propertyሺߚሻ. 

A Banach space X is said to have propert yሺߚሻ if, for 

any ߳>0, there exists 0<ߜ such that 

ߙ ቀܦ൫ݔ, ሺܺሻቁܤ\ሺܺሻ൯ܤ ൏ ߳ 

whenever 1<ԡݔԡ<1 + ߜ. 

The following result will be very helpful for our 

considerations (see [9]). 

A Banach space ܺ has property ሺߚሻ if and only if, 

for every ߳>0, there exists 0<ߜ such that, for each 

element x א ሺܺሻܤ and each 

sequenceሺݔሻ݅݊ ܤሺܺሻ. With sepሺݔሻ  ߳, there is an 

index k such that  

ฯ
ݔ  ݔ

2
ฯ  1 െ  .ߜ

Denoted by ݈  the space of all real sequences 

x= ൫ݔሺ݅ሻ൯  and by ሼ݁ሽ  the natural basisin 

݈ , given  א ሺ1,∞ሻ by a Cesàro sequence space, we 

mean 

ݏ݁ܿ ൌ 

ە
ۖ
۔

ۖ
ۓ

ݔ א ݈: ԡݔԡ ൌ ቌ ൭
1
݊

|ݔሺ݅ሻ|


ୀଵ

൱

∞

ୀଵ

ቍ

ଵ


൏ ∞

ۙ
ۖ
ۘ

ۖ
ۗ

 

For more details, we refer to Refs. [10-12]. 

2. Results 

We start with the following general result: 

Theorem 1. Any Banach space X with Cሺܺሻ ൏ 2 

has the weak Banach–Saks property 

Proof. Take a positive number  ߳  0 such that 

ߠ ൌ ሺܺሻܥ  ߳ ൏ 2. For any weakly null sequence 

ሺݔሻ ؿ  ܵሺܺሻ, there exists a subsequence ൫ݔೖ
൯ of 

ሺݔሻ such that 

ቛݔ
 ೕݔ

ቛ ൏  ߠ

For any ݅ ് ݆, now, using Kakutani’s result (see 

Ref. [4]), we conclude that the Banach space ܺ has 

the weak Banach–Saks property.  

We will use the following lemma: 

Lemma 1. Let ݔ, ାଵݔ א ݏ݁ܿ . Then for 

any ߳  0 and ܮ 0, there exists  δ 0 such that 

|ԡݔ  ାଵԡݔ െ ԡݔԡ| ൏ ߳ 

When ever 

ԡݔԡ  ାଵԡݔԡ݀݊ܽ ܮ    .ߜ

Proof. Fix ߳  0 and ܮ  0, take ߚ ൌ 2ିିܮଵ߳ 

and ߜ  ൌ 2ିߚିଵ . Then for any 

,ݔ א ݕ ԡݔ  with  ԡݏ݁ܿ  ܮ and ԡݔାଵԡ  ߜ  we 

have 
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ԡ࢞  ାԡ࢞  ൌ  ൭
1
݊

|ݔሺ݅ሻ  |ାଵሺ݅ሻݔ


ୀଵ

൱



ൌ

∞

ୀଵ

 ൭
1
݊

 ቤሺ1 െ ሺ݅ሻݔሻߚ  ߚ ቆݔሺ݅ሻ 
ାଵሺ݅ሻݔ

ߚ
ቇቤ



ୀଵ

൱



 

∞

ୀଵ

 

 ሺ1 െ ሻߚ ቌ
1
݊

 ቮ|ݔሺ݅ሻ|  ߚ
1
݊

 ሺ݅ሻݔ 
ାଵሺ݅ሻݔ

ߚ



ୀଵ

ቮ



ୀଵ

ቍ


∞

ୀଵ

 ሺ1 െ ሻߚ  ൭
1
݊

|ݔሺ݅ሻ|


ୀଵ

൱



 ߚ

∞

ୀଵ

 ൭
1
݊

 ቤݔሺ݅ሻ 
ାଵሺ݅ሻݔ

ߚ
ቤ



ୀଵ

൱

∞

ୀଵ

 

  ൭
1
݊

|ݔሺ݅ሻ|


ୀଵ

൱




ߚ
2

∞

ୀଵ

 ൭
1
݊

|2ݔሺ݅ሻ|


ୀଵ

൱




ߚ
2

∞

ୀଵ

 ൭
1
݊


|2ሺݔାଵሻሺ݅ሻ|

ߚ



ୀଵ

൱

∞

ୀଵ

 

 ԡݔԡ 
߳
2

 ൬
2
ߚ

൰
ିଵ

 ൭
1
݊

|ሺݔାଵሻሺ݅ሻ|


ୀଵ

൱





∞

ୀଵ

ԡݔԡ  ߳.  

Replacing ݔ, ݔ by ݕ   ାଵ respectively, we also conclude thatݔାଵ ,െݔ

ԡݔԡ  ԡݔ  ାଵԡݔ  ߳ 

Hence 

|ԡݔ  ାଵԡݔ െ ԡݔԡ| ൏ ߳ 

Theorem 2. The space ܿ݁ݏ has property ሺߚሻ. 

Proof. Suppose ܿ݁ݏ does not have property ሺߚሻ, then there exists ߳>0 such that, for any ߜ א ൫0, ߳/ሺ1 

2ଵାሻ൯, there is a sequence ሼݔሽ ؿ ܵ൫௦൯ with ݁ݏሺ௫ሻ  ߳
ଵ/ and an element ݔ א ܵ൫௦൯ such that 

ฯ
ݔ  ݔ

2
ฯ



 1 െ  ߜ

for every nא ࣨ. 

Fix ߜ א ൫0, ߳/ሺ1  2ଵାሻ൯, first, we will show that 

lim՜ sup ∑ ቀ
ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ



ଶశభఋ

ଶషభ  .∞
ୀାଵ                         (2) 

Otherwise, without loss of generality, we can assume that there exists a sequence ሼ݆ሽ such that ݆ ՜ ∞ as 

݇ ՜ ∞ and 

∑ ቀ
ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ



ଶశభఋ

ଶିଵ
 .∞

ୀೖାଵ                            (3) 

For every ݇ א ࣨ, let ߜଵ 0 be a real number corresponding to ߳ ൌ  and L = 1 in Lemma 1. By absolute ߜ

continuity of the norm of ݔ there exists a positive integer ݊ଵ such that 

ቛݔ߯൛భ,భ,ାଵ,భ,ାଶ,… ൟቛ

 =∑ ቀ

ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ


൏ ଵߜ
∞
ୀାଵ  

Take k so large that ݆  ݊ଵ taking into account Lemma 1, convexity of the function 

|. |, and Eq. (3), we have 
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1- ߜ ∑ ቀ
ଵ


∑ ቚ

௫ೖሺሻା௫బሺሻ

ଶ
ቚ

ୀଵ ቁ


ൌ ∑ ቀ
ଵ


∑ ቚ

௫ೖሺሻା௫బሺሻ

ଶ
ቚ

ୀଵ ቁ


భ
ୀଵ

∞
ୀଵ ∑ ቀ

ଵ


∑ ቚ

௫ೖሺሻା௫బሺሻ

ଶ
ቚ

ୀଵ ቁ


∞
ୀభ,ାଵ

ଵ

ଶ
∑ ቀ

ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ


భ
ୀଵ

ଵ

ଶ
∑ ቀ

ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ
భ

ୀଵ + ∑ ቀ
ଵ


∑ ቚ

௫ೖሺሻ

ଶ
ቚ

ୀଵ ቁ


 ߜ ∞
ୀభ,ାଵ

ଵ

ଶ


ଵ

ଶ
∑ ቀ

ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ
భ

ୀଵ 
ଵ

ଶ
∑ ቀ

ଵ


∑ ቚ

௫ೖሺሻ

ଶ
ቚ

ୀଵ ቁ


 ߜ ∞
ୀభ,ାଵ

ଵ

ଶ


ଵ

ଶ
∑ ቀ

ଵ


∑ ሺ݅ሻ|ݔ|

ୀଵ ቁ
భ

ୀଵ െ

ଶିଵ

ଶ
∑ ቀ

ଵ


∑ ቚ

௫ೖሺሻ

ଶ
ቚ

ୀଵ ቁ


 ߜ ൏ 1 െ ߜ2  ߜ ൌ 1 െ ∞ߜ
ୀభ,ାଵ  

This contradiction proves (2). 

Since 

ቌ
1

݊ଵ
|ݔሺ݅ሻ|

భ

ୀଵ

ቍ



  ൭
1

݊ଵ
|ݔሺ݅ሻ|



ୀଵ

൱



 1,

భ

ୀଵ

 

We have |ݔሺ݅ሻ|  ݊ଵ  for ݇ א ࣨand ݅=1,2,….݊ଵ . Hence, there are a subsequence ሺࣴሻof ሺݔሻ and a 

sequen ሺܽሻ of real numbers such that 

lim
՜∞

ࣴሺ݅ሻ ൌ ܽ 

for ݅=1, 2,….݊ଵ therefore, 

 ൭
1
݊

|ࣴሺ݅ሻ െ ࣴሺ݅ሻ|


ୀଵ

൱

భ

ୀଵ

൏  ߜ

Forn, msufficiently large. Consequently, 

ԡࣴ െ ࣴԡ ൌ ∑ ቀ
ଵ


∑ |ࣴሺ݅ሻ െ ࣴሺ݅ሻ|

ୀଵ ቁ


∞
ୀଵ ൌ

∑ ቀ
ଵ


∑ |ࣴሺ݅ሻ െ ࣴሺ݅ሻ|

ୀଵ ቁ
భ

ୀଵ  ∑ ቀ
ଵ


∑ |ࣴሺ݅ሻ െ ࣴሺ݅ሻ|

ୀଵ ቁ


∞
ୀభାଵ ∑ ቀ

ଵ


∑ |ࣴሺ݅ሻ െ ࣴሺ݅ሻ|

ୀଵ ቁ
భ

ୀଵ 

2ሺ∑ ቀ
ଵ


∑ |ࣴሺ݅ሻ|

ୀଵ ቁ


∞
ୀభାଵ ∑ ቀ

ଵ


∑ |ࣴሺ݅ሻ|

ୀଵ ቁ


ሻ  ߜ  2ାଵߜ ൏ ߳
∞
ୀభାଵ , ሻݔሺ݁ݏ  ሺࣴሻ݁ݏ ൏

߳
ଵ ൗ . This contradiction shows that ܿ݁ݏ has property ሺߚሻ. 

Corollary 1 

The spaces ܿ݁ݏ and ൫ܿ݁ݏ൯
כ
have the Banach–Saks property. 

Proof. 

It is an immediate consequence of Theorem 1 from Ref. [13]. 

Theorem 3 C൫ܿ݁ݏ൯ ൌ 2ଵ/ 

Proof Denote 

K=supቄܣ൫ሺݑሻ൯: ݑ ൌ ∑ ሺ݅ሻݑ
ୀషభାଵ ݁ א ܵ൫ܿ݁ݏ൯, 0 ൌ ݅ ൏ ݅ଵ ൏ ݅ଶ ൏ ڮ , ݑ ՜ ఠ 0ቅ 

Then C൫ܿ݁ݏ൯  ሻݔMoreover, for any ߳>0; there is a sequence ሺ .ܭ ؿ ܵ൫ܿ݁ݏ൯ with ݔ ՜ ఠ 0 such that 

ሻ൯ݔ൫ሺܣ  ߳ C൫ܿ݁ݏ൯ 
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By the definition of ܣ൫ሺݔሻ൯, there exists a subsequence ݕ.of ݔ.such that 

ԡݕ  ԡݕ  2߳   ൯                                   (4)ݏ൫ܿ݁ܥ

For any ݊, ݉ א ࣨwith m് ݊ take ݒଵ ൌ  ଵ there existsݕ ଵ. Then, by the absolute continuity of the norm ofݕ 

݅ଵ א ࣨ such that 

ቯ   ଵሺ݅ሻ݁ݒ

∞

ୀ భାଵ

ቯ ൏ ߳. 

Putting ࣴଵ ൌ ∑ , ଵሺ݅ሻ݁ݒ we haveభ
ୀ ଵ  

ԡࣴଵ  ԡݕ ൌ ቯݕଵ  ݕ െ   ଵሺ݅ሻ݁ݒ

∞

ୀ భାଵ

ቯ  ԡݕଵ  ԡݕ െ ߳ 

Banach–Saks Property 207. 

For any ݉  1 hence by Eq. (4), we have 

ԡࣴଵ  ԡݕ  3߳ C൫ܿ݁ݏ൯ 

For any ݉  1, Since ݕሺ݅ሻ ՜ 0 for ݅=1, 2, …., there exists ݊ଶ א ࣨ with ݊ଶ  ݊ଵ such that 

ቯ  ሺ݅ሻ݁ݕ

భ

ୀ ଵ

ቯ ൏ ߳ 

Whenever n  ݊ଶ, define ݒଶ ൌ మݕ 
, then there is ݅ଶ  ݅ଵ such that 

ቯ   ଶሺ݅ሻ݁ݒ

∞

ୀ మାଵ 

ቯ ൏ ߳ . 

Taking ࣴଶ ൌ ∑ , ଶሺ݅ሻ݁ݒ we obtainమ
ୀ భାଵ  

ԡࣴଵ  ࣴଶԡ ൌ ቯݕଵ െ  ଵሺ݅ሻ݁ ݒ మݕ
െ   ଶሺ݅ሻ݁ݒ

భ

ୀଵ 

∞

ୀ భାଵ

െ   ଶሺ݅ሻ݁ݒ

∞

ୀ మାଵ 

ቯ  ฮݕଵ  మݕ
ฮ െ 3߳ 

Hence by eq. (4), we immediately obtain 

ԡࣴଵ  ࣴଶԡ  5߳ C൫ܿ݁ݏ൯ 

Suppose that increasing sequences ൛ ݅ൟ
ୀଵ

ିଵ
,൛ ݊ൟ

ୀଵ

ିଵ
of natural numbers and a sequence ൛ ࣴൟ

ୀଵ

ିଵ
 of elements of 

  are already defined andݏ݁ܿ

ԡࣴ  ࣴԡ  6߳ C൫ces୮൯ 

Form , n א ሼ1,2, … , k െ 1ሽ , m്n Since there existsݕሺ݅ሻ ՜ 0  for ݅ ൌ 1,2, … there exists natural number 

݊  ݊ିଵ such that 

ቯ  ሺ݅ሻ݁ݕ

ೖషభ

ୀଵ 

ቯ ൏ ߳ 

Provided n ݊, put ݒ ൌ ೖݕ
, then there is ݅  ݅ିଵ such that 

ቯ   ሺ݅ሻ݁ݒ

∞

ୀೖశభ

ቯ ൏ ߳ 
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Defining ࣴ ൌ ∑ , ሺ݅ሻ݁ݒ we obtainೖ
ୀೖషభାଵ  

ฮ ࣴ  ࣴฮ ൌ ቯݕೕ
െ  ሺ݅ሻ݁ െݒ  ሺ݅ሻ݁ݒ  ೖݕ

∞

ୀ ೕశభ

ೕషభ

ୀଵ

െ  ሺ݅ሻ݁ݒ െ   ሺ݅ሻ݁ݒ

∞

ୀೖశభ

ೖషభ

ୀଵ 

ቯ  ቛݕೕ
 ೖݕ

ቛ െ 4߳ 

For  ݆ ൌ 1,2, … , ݇ െ 1, hence, by Eq. (4), we obtain 

ฮ ࣴ  ࣴฮ  6߳  C൫ܿ݁ݏ൯ 

For ݆ ൌ 1,2, … , ݇ െ 1 using the induction principle, we can find a sequence ሺࣴሻ satisfying the following 

conditions: 

(1) ࣴ ൌ ∑ , ሺ݅ሻ݁ݒ 0  ݁ݎ݄݁ݓ ൌ
ୀషభାଵ ݅ ൏ ݅ଵ ൏ ݅ଶ ൏ ڮ ; 

(2) ԡࣴ  ࣴԡ  6 ߳  C൫ܿ݁ݏ൯ ݂ݎ ݉, ݊ א ࣨ, ݉ ് ݊; 

(3) ԡࣴԡ  ݊ ݎ݂ 1 ൌ 1,2, … ; 

(4) ࣴ ՜ఠ ݊  ݏܽ  0 ՜ ∞ 

Define ݑ ൌ ࣴ ԡࣴԡ⁄  for each ݊ א ࣨ, then every ݑ א ܵ൫ܿ݁ݏ൯ and 

ԡݑ  ԡݑ ൌ ቛ
௭

ԡ௭ԡ


௭

ԡ௭ԡ
ቛ  ԡݖ  ԡݖ  C൫ܿ݁ݏ൯ െ 6߳ 

for any ݉, ݊ א ࣨ, ݉ ് ݊, by the arbitrariness of ߳ we have C൫ܿ݁ݏ൯ ൌ  .ܭ

Let ߳>0 be given. Take ݊ఢ א ࣨ such that 
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ܽ
݇

ቁ


൏ ߳,

∞

ୀചାଵ

 

where 

ܽ ൌ  หݑച
ሺ݅ሻห.

ച

ୀചషభାଵ

 

Hence, for any ݉  ݊ఢ we have 
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1 ൌ 2 െ ߳
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ୀషభାଵ

 

ሻ൯ݑ൫ሺܣ  ሺ2 െ ߳ሻ
ଵ ൗ . 

On the other hand, for ߳ mentioned above, by Lemma 1, there exists 0<ߜ such that 

|ԡݔ  ԡݕ െ ԡݔԡ| ൏ ߳ 
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Whenever ԡݔԡ  1 and ԡݕԡ ൏ take ݊ఋ ,ߜ א ࣨ such that 

 ቀ
ܽ
݇

ቁ


൏ ߜ

∞

ୀഃ
ାଵ

, 

ܽ ൌ  หݑഃ
ሺ݅ሻห.
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Hence, for any m  nஔ we have 
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 ԡݑԡ ൏ 2 െ ߳, 

 

ሻ൯ݑ൫ሺܣ  ሺ2 െ ߳ሻ
ଵ ൗ Therefore, by the 

arbitrariness of ߳ we obtain C ൫ܿ݁ݏ൯ ൌ 2ଵ/ which 

finishes the proof of the theorem.  

Corollary 2. The space ܿ݁ݏ has the Banach–Saks 

property. 

Proof. Note that, for reflexive Banach spaces, the 

Banach–Saks property is equivalent to the weak 

Banach–Saks property. Hence, by Theorems 1 and 3, 

we conclude the thesis of Corollary 2. 
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