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Abstract: The paper addresses the formulation of rate equations, via objective time derivatives, within continuum physics. The 
concept of objectivity is reviewed and distinction is made with material frame-indifference whose meaning is restricted to the 
invariance of the balance equations relative to Galilean frames. Objective time derivatives are defined to leave the tensor character of 
the appropriate field invariant within the set of Euclidean frames. Rate equations are required to involve objective time derivatives 
and to be consistent with the second law of thermodynamics. Here the general structure of objective time derivatives is established 
and the known derivatives of the physical literature are shown to be particular cases. Next, to fix ideas, a rate equation is considered 
for the model of heat conduction via a generalization of the Maxwell-Cattaneo equation with higher-order gradients as in the 
Guyer-Krumhansl equation. The thermodynamic restrictions are investigated and the expected effects, of the selected derivative of 
the heat flux, on the stress tensor are derived. 
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1 Introduction 

Evolution (or rate) equations are commonly used 

for modelling material behaviours such as memory 

and/or delay effects. Usually they are expressed by 

relating the time derivative of proper fields to a set of 

state variables. As any constitutive equation, rate 

equations are required to comply with the principles of 

continuum physics and hence with objectivity (frame 

indifference) and consistency with the second law of 

thermodynamics. In this sense we need to clarify the 

general structure of objective time derivatives and to 

investigate how to establish the compatibility, of the 

whole set of constitutive equations, with the second 

law of thermodynamics. 

The physical literature shows a number of contexts 

where the mathematical modeling is based on rate 

equations. Rheological models motivate rate equations 

for the stress tensor T in terms of the infinitesimal 

strain E or the stretching D in the form [1] 
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    2u   ξ  

the superposed dot denoting the total (or material) 

time derivative. These equations are referred to as 

Maxwell model, standard or Wiechert model, and 

Jeffreys model. They are examples of rate equations 

of the form 

  , , …  

the dots representing additional variables. 

In nonequilibrium thermodynamics the evolution of 

appropriate fields is governed by rate equations. 

Perhaps the best known rate equation in 

thermodynamics is the Maxwell-Cattaneo equation for 

the heat flux q, 

                (1) 

where g is the temperature gradient [2]. 

The evolution of the polarization P in ferroelectrets 

and that of the magnetization M in ferromagnets is 

described by a variety of rate equations. For instance, 

the well known Landau-Lifshitz-Gilbert equation 

describes the evolution of M in the form [3] 

  γ    λ    

where Heff is the effective magnetic field. 
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A drawback of these equations is that the time 

derivative is not objective (or frame indifferent) [4]. 

Since these equations are considered as physically 

sound, it is natural to ask about the improvements of 

the time derivative so that the resulting equations 

prove to be objective. A further question arises about 

the thermodynamic consistency of the (objective) rate 

equations [5]. Both objectivity of the rate equations 

and compatibility with thermodynamics are the 

subject of this paper. 

First the concept of objectivity is reviewed and 

distinction is made with material frame-indifference 

whose meaning is restricted to the invariance of the 

balance equations relative to Galilean frames. Next the 

general structure of objective time derivatives is 

established and the known derivatives of the literature 

are shown to be particular cases. 

Owing to the kinematical fields occurring in the 

time derivative, the chosen time derivative may induce 

effects on the constitutive equation for the stress 

tensor. For definiteness, in this paper we address 

attention to a generalization of Eq. (1) with higher 

order gradients as in the Guyer-Krumhansl equation 

[6]. The thermodynamic restrictions are investigated 

and the expected effects, of the selected derivative of 

q, on the stress tensor are derived. 

Notation. We consider a body occupying a 

time-dependent three-dimensional region . The 

points of the body are labelled by their position vector 

X in a reference configuration  while x = X(X, t) is 

the position vector of X in , at time t. Throughout 

we use Cartesian components. We denote by F the 

deformation gradient, relative to ,   x x , 

and by C =  the Cauchy-Green tensor, the 

superscript T meaning transpose. Moreover, v is the 

velocity, L is the velocity gradient,   , D is 

the stretching tensor and W is the spin tensor so that L 

= D + W. Also,  is the gradient in the current 

configuration. We let  be the absolute temperature 

and g =  is the temperature gradient. Also, Sym is 

the set of symmetric tensors. For any vector, u say, 

 stands for the inner product u · u. 

2. Objectivity and Material 
Frame-Indifference 

It is asserted as a fundamental principle of classical 

physics that material properties are independent of the 

frame of reference or observer. Often, in the literature, 

this principle is referred to as the principle of material 

frame-indifference1 ([7], §19) though objectivity and 

material frame-indifference are regarded as synonyms. 

Earlier Noll [8] used the term principle of 

objectivity to express that processes related by a 

change of frame must be compatible with the same 

constitutive equation. Accordingly, the material 

properties of a body should not depend on the 

observer, no matter how he moves. In Ref. [7] (§19) 

the statement is referred to as principle of material 

frame indifference. Seemingly it was Truesdell that 

preferred the use of frame indifference in that observer 

might be easily misinterpreted whereas frame of 

reference is a much better term [9]. 

Let ,  be two frames of reference. The 

position vectors x and  of a point, relative to  

and , are related by the Euclidean transformation1 

(see [7], §19) 

              (2) 

where  is an arbitrary vector-valued function of 

   while  is a proper orthogonal tensor 

function, det Q = 1. Hence Q represents a rotation. 

Galilean frames are related by a linear function  

and a constant rotation Q. 

Conceptually it seems convenient to have two 

concepts at our disposal by letting objectivity and 

material frame-indifference be two distinct concepts. 

This view is not new in the literature (see, e.g., [10, 

11]) and is made formal as follows. 

The balance equations are invariant relative to 

Galilean frames and hence the material properties 

should be the same in all of the set of Galilean frames. 

Accordingly we expect that, e.g., stress and heat flux 

                                                           
1 For simplicity we let   . 
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are frame independent within the set of Galilean 

frames but they might be frame dependent relative to 

the set of non-inertial (Euclidean) frames. This point 

is investigated, e.g., in Ref. [12] within a kinetic 

theory approach and the conclusion is that stress and 

heat flux are frame dependent because the 

corresponding relations contain the spin tensor W. 

Since the material properties may be affected by the 

motion of the body, it seems natural to assume that 

material properties are independent of the frame of 

reference within the set of Galilean frames. This 

might be the content of material frame-indifference. 

We then confine objectivity to the constitutive 

equations viewed as the mathematical description of 

material behaviour. As a statement of the principle of 

objectivity we assume that the constitutive equations 

are form-invariant for any change of frame. To make 

it formal the content of objectivity, we let ,  be 

Euclidean frames related by Eq. (2). The vector u and 

the tensors T, K are transformed into 

  ,   ,    

while scalars, say , remain unchanged. If 

 , ,  is the constitutive equation for T the 

objectivity requires that 

  , ,   , ,  

 , ,  

and the like for vector functions, for any proper 

orthogonal tensor function Q(t). 

If both objectivity and material frame-indifference 

are related to Euclidean frames then we might find 

that some material properties are objective but 

frame-dependent [13]. 

3. Objective Time Derivatives 

For any function f (X, t), where    and 

  , we let 

  , . 

If, instead,   , ,   , then 

       . 
Throughout a superposed dot denotes the material 

time derivative, that is the derivative with X fixed. 

We denote by  the spin tensor associated with Q, 

   . 

Let K be any tensor. The values  in  and K 

in  are related by 

  . 

We let K = K(X, t), ,   , so that 

      . 

Accordingly  is not a tensor relative to Euclidean 

frames. Likewise, if u is a vector function, on  , 

then 

   

and hence 

     . 
A derivation [14, 15]  of a vector algebra , 

over , is a rule     such that, for every , 

w   and α, β  , 

α   β      β , 

          . 

These conditions are referred to as the linearity and 

the Leibnitz rule. 

For any vector u the derivative  is taken in the 

form 

                 (3) 

where     is a function on  . 

Accordingly, 

           

           A . 

A derivative  is objective if, under the change of 

frame     of Eq. (2), it is  

        ,    . 

The following statement characterizes the set of 

functions A guaranteeing the objectivity of Eq. (3). 

Proposition 1. The derivative (3) of a vector u is 

objective if and only if 

               (4) 

Proof. If    –   then objectivity requires 

that 

           . 
Hence we have 

      . 
The arbitrariness of u implies that 
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    . 

Right multiplication by  gives Eq. (4). 

Conversely, by Eq. (4), 

         –   
    

whence the conclusion    .        □ 

We now examine the derivative of a dyadic product 

  , 

     

           .    (5) 

Proposition 2. The derivative (5) is objective if and 

only if (4) holds. 

Proof. The objectivity requirement  

         (6) 

gives 

           

               

whence 

 –       

       0. 

By the arbitrariness of u and w this condition holds 

if 

    0, 

whence Eq. (4) follows. Conversely, if Eq. (4) holds 

then the objectivity requirement (6) is satisfied.   □ 

The derivation of a tensor K is defined by 

generalizing the particular case K =   . Since 

       

        

then we let 

       .       (7) 

A direct check proves the following. 

Proposition 3. If A satisfies (4) then the derivative 

(7) is objective. 

Proof. We have to show that   . 

Since 

        

       
    

then 

   –   –    

        

 . 

Hence 

  .              □ 

It is worth pointing out that the derivatives 

    ,       , 

with ,  = 1, 2, 3, subject to 

    , 

are objective. The proof parallels the steps of 

Propositions 1 to 3 and shows that , ,  need 

not be related to each other. Now, while known 

derivatives involve   , we will see that the 

Truesdell derivative is such that     . 

If  and  satisfy (4) then 

        2  

and hence    does not satisfy (4). Instead, the 

following statement provides a generalization of the 

structure of objective time derivatives via an 

appropriate splitting of A. 

Proposition 4. If  satisfies the transformation law 

(4) and  is any tensor, that is 

    ,    , 
then  

                 (8) 

too satisfies (4) and the derivatives 

      ,    –    (9) 

are objective. 

Proof. By definition 

         

      
        

and hence A satisfies (4). Consequently, by 

Propositions 1 and 3 the derivatives (9), subject to 

    , are objective.                   □ 

4. Objective Derivatives in Continuum 
Physics 

By Proposition 4, any function A, on  , 

possibly in the form     , that transforms to 

 according to (4) determines an objective time 
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derivative. We then look for physically remarkable 

objective time derivatives characterized by A subject 

to (4). 

It is known (see, e.g., [4], §20.3) that the velocity 

gradient L transforms according to (4), 

    .  

It follows that 

   ,    . 

Hence A = W satisfies (4) whereas D is a tensor 

(relative to the change    ). 

Now let Q = R be the rotation provided by the polar 

decomposition theorem so that 

  ,   . 
Since    and U is invariant,   , then 

      . 
Hence it follows 

         . 
As a consequence    satisfies (4). To save 

writing we let Z :    be the spin tensor 

associated with R. 

Remarkable examples of  and  are   , 

Z and   ,   . Hence 

    λ     , 

      λ     , 

where λ and  are real-valued invariants, satisfy (8). 

By Proposition 3 it follows that the derivatives (9) 

with   ,   ,    –      , 

and    are objective. Indeed, they are known 

derivatives in the literature and referred to as the 

corotational or Jaumann-Zaremba derivative [7], 

 

the Green-Naghdi derivative [16], 

 

the Cotter-Rivlin derivative [4], 

 

and the Oldroyd derivative [17], 

 
Within the modelling of monatomic gases, Muller 

and Ruggeri [17] consider the derivative 

 –    

for u = q/ . This amounts to considering the 

derivative 

 –       

for the heat flux q. As Muller and Ruggeri point out, 

the derivative is objective. Indeed, we observe that the 

derivative of u = q/ ρ  is just the Cotter-Rivlin 

derivative whereas 

    (10) 

is a further derivative that corresponds to  

  –       [18]. 

The Truesdell derivative for tensors and vectors 

[19], 

 

 

corresponds to selecting         

and         , respectively. 

If K, and analogously u, is given in the Eulerian 

description then 

        . 

Since 

     –  –   

is the Lie derivative of K with respect to the vector 

field v [20] then we see that the Oldroyd derivative 

differs from the Lie derivative  by the partial 

time derivative . That is why sometimes  is 
referred to as Lie-Oldroyd derivative. If K is a tensor 

density then, apart from , the Lie derivative takes 

the form of the Truesdell derivative  [21]. 
There is an obvious equivalence between rate 

equations with different objective time derivatives. To 

fix ideas, let 

       (11) 

be the rate equation of K. Since 
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Then 

 , ,    

is equivalent to Eq. (11). In the following 

thermodynamic analysis it is understood that we 

examine inequivalent rate equations. 

We now consider the time derivatives, occurring in 

the continuum physics literature, for an objective 

vector u and an objective tensor K. They are denoted 

and represented as follows. 
 

 Derivative of vectors Derivative of tensors 

Jaumann-Zaremba   

Green-Naghdi  

Cotter-Rivlin   
Oldroyd  

Truesdell   
 

In view of Proposition 4, we recognize that the 

given derivatives are objective in that they are 

associated with  and  as shown in the following 

table. 
 

 Derivative of vectors Derivative of tensors 
Jaumann-Zaremba , 0 ,  0 
Green-Naghdi , 0 ,  0 
Cotter-Rivlin ,  ,  
Oldroyd ,  ,  

Truesdell ,  ,    
 

The principle of objectivity requires that the time 

derivatives within constitutive equations, and hence in 

the rate equations, have to be objective. It is then 

natural to wonder which derivative is the appropriate 

one for the constitutive equations at hand. 

Answers to this question arise by framing the whole 

model of the pertinent material in a thermodynamic 

scheme where all of the set of constitutive equations 

comply with the second law of thermodynamics. 

Indeed, as we see in a moment, different objective 

time derivatives in the rate equations induce 

significant terms on the other constitutive equations 

especially in the one of the stress tensors. 

5. Entropy Inequality and Second Law 

Let  be the energy density (per unit mass) and  

the mass density. The balance of energy is written in 

the form 

               (12) 

with  being the heat supply. Let  be the entropy 

density. Let  be the entropy flux so that the entropy 

inequality is expressed as 

       0. 

For technical convenience let 

     

k being regarded as the extra-entropy flux. Hence we 

can write the entropy inequality in the form 

    –    
1

       0. 

Substitution of    –   from (12) and use of 

the Helmholtz free energy density    –   

allow the entropy inequality to be written in the form 

–         –      0 

(13) 

The second law is stated by saying that inequality 

(13) has to hold for any thermodynamic process 

compatible with the balance equations (mass, 

momentum, and energy). 
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6. Constitutive Equations for Thermoelastic 
Solids 

To give evidence to the different consequences, on 

the constitutive model, of the choice of the objective 

time derivative we look at a generalized thermoelastic 

solid where the heat flux is governed by a rate 

equation of the Guyer-Krumhansl type. To see the 

different consequences we examine the rate equation 

in a form that comprises the known derivatives 

occurring in the literature. 

Eq. (1) is generalized by letting q be governed by 

      2      (14) 

where  denotes the chosen time derivative. For 

generality we let 

      u     . 

The derivatives provided in §3 are obtained with 

appropriate values of the parameters ,  or, for the 

Green-Naghdi derivative, by replacing W with Z and 

letting  = 0,  = 0. 

Based on Eq. (14) we model a generalized 

thermoelastic solid by letting 

Γ  , , , , ,   

be the set of state variables. Hence we let , , and T 

be functions of Γ,  being differentiable, while q 

satisfies the rate Eq. (14). 

Some restrictions follow at once from the 

objectivity requirements. The invariance of the free 

energy  under the change of frame (2) implies that 

, , , , ,   

 , , , , , . 

Owing to the polar decomposition, F = RU, letting 

   we find 

, , , , ,   

 , , , , , . 

for any rotation R. Accordingly we let  depend on 

F only through U and hence through C. Moreover we 

let  depend on g, q, ,  via invariants under 

the change of frame. With this in mind we let 

  , , , , , . 

6.1 Thermodynamic Restrictions 

We now examine the thermodynamic restrictions 

placed by the second law on the constitutive functions 

, , and T. Upon evaluation of  and substitution 

in Eq. (13) we have 

–           

       

              0 (15) 

The term   comprises  and hence, in 
view of Eq. (14), gives fourth-order gradients of q. 

Likewise   comprises  and hence gives 
third-order gradients of q. The arbitrariness and the 

linearity of these terms imply that 

 0,      0. 

Moreover the arbitrariness and the linearity of ,  

in Eq. (15) imply that 

  – ,       0. 

Now observe 

  2  

and then 

  2  . 

Upon dividing by  we can write the remaining 

inequality in the form 

1
 2 C   –    

        0   (16) 

Let 

   . 

By Eq. (14) we find 

       –   –     – 
1

 –  

  2      

     –   tr  
1

   

        2   .  
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Owing to the form of inequality (16), we have to 

investigate the possible definiteness of α⁄  

  2    within a divergence term. Assume 

  γ              (17) 

γ being a parameter, and observe 

γ       
1
2
γ   γ   , 

γ        γ     γ   . 

We can then write inequality (16) in the form 

1
 2 C       1

  –      

                           
1

    

      
1
2
γ   γ    

γ        0 

Accordingly we let 

  γ   γ   .          (18) 

The linearity and the arbitrariness of W, D, g imply 

that 

   Sym,            (19) 

 2 C       , 

  .             (20) 

Since  is independent of q  the remaining 

inequality splits into the two conditions 

  0,             (21) 

γ        0.     (22) 

Incidentally, by Eq. (22) it follows that γ 0. 

The result (18), subject to γ 0, coincides with the 

entropy flux determined in Ref. [22]. Moreover, the 

assumption (17) is consistent with Eq. (20) provided 

  γ  

We know that , ,  are positive-valued. Hence 

substitution of Eq. (20) in Eq. (21) results in 

0. 

This implies the expected condition that the 

conductivity  is positive. 

Now, Eq. (20) shows that (19) holds identically. 

Moreover a direct integration of Eq. (20) provides the 

free energy  in the form 

 

  Ψ ,   .        (23) 

By replacing  we find that T takes the form 

 2 C      . (24) 

Some comments on Eq. (24) are in order. The stress 

T is the sum of the (formally) elastic term 2 C  

and  

    .        (25) 

The additional terms (25) are nonzero with the 

Cotter-Rivlin derivative   1,   0 , the 

Oldroyd derivative   1,   0 , and the 

Truesdell derivative   1,   1 . Instead they 

vanish if the Jaumann-Zaremba derivative and the 

Green-Naghdi derivatives are involved. Yet, also with 

these derivatives we can have a dependence of T on 

. To fix ideas, let ⁄  depend on the mass 

density , say 

   , . 

Now, 

  ⁄ , 

where  is the mass density in the reference 

configuration and   det .  Since    

then we find that 

2
  

4
. 

Since  1 we obtain 

2   2 Ψ   
2

. 

If, further, ⁄  is independent of  then 

  ⁄  and 
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2   2 Ψ  
2

. 

It is worth remarking that the results so derived 

hold formally unchanged if W in the chosen derivative 

is replaced with   in that the only feature of 

W used in the thermodynamic analysis is the 

skew-symmetry. 

 

7. Conclusions 

The paper deals with the formulation of rate 

equations within continuum physics. Two main results 

emerge from the present developments. 

Rate equations have to involve objective time 

derivatives and the general structure of objective time 

derivatives is given by Eq. (3) where the linear 

operator A satisfies the transformation law 

     

Q being the time dependent rotation between the 

corresponding Euclidean frames  and . As 

expected, the familiar objective time derivatives, 

appeared in the literature, turn out to be particular 

cases with A taking the forms given in §4. 

As any constitutive equation, rate equations are 

required to be consistent with thermodynamics. To fix 

ideas, here a rate equation for the heat flux is 

considered with non-local properties as in the 

Guyer-Krumhansl equation and with a general 

objective derivative of the form 

    –      λ tr  

for the heat flux q. The thermodynamic consistency 

holds if the stress tensor is affected by a dependence 

on q as is shown by Eq. (24). 

References 

[1] Gutierrez-Lemini, D. 2013. Engineering Viscoelasticity. 
Berlin: Springer, ch. 3. 

[2] Sellitto, A., Cimmelli, V. A., and Jou, D. 2016. 
Mesoscopic Theories of Heat Transport in Nanosystems. 
New York: Springer, ch. 1. 

[3] Gilbert, T. L. 2004. “A Phenomenological Theory of 
Damping in Ferromagnetic Materials.” IEEE Trans. Mag. 

40: 3443-9. 
[4] Gurtin, M. E., Fried, E., and Anand, L. 2011. The 

Mechanics and Thermodynamics of Continua. Cambridge 
University Press. 

[5] Morro, A. 2017. “Thermodynamic Consistency of 
Objective Rate Equations.” Mech. Res. Comm. 84: 72-6. 

[6] Guyer, R. A., and Krumhansl, J. A. 1966. “Solution of 
the Linearized Phonon Boltzmann Equation.” Phys. Rev. 
148: 766-78. 

[7] Truesdell, C. A., and Noll, W. 1965. “The Non-linear 
Field Theories of Mechanics.” In Encyclopedia of 
Physics, edited by S. Flugge, vol. III/3, Berlin: Springer. 

[8] Noll, W. 1958. “A Mathematical Theory of the 
Mechanical Behavior of Continuous Media.” Arch. 
Rational Mech. Anal. 2: 197-226. 

[9] Noll, W. 2004. “Five Contributions to Natural 
Philosophy.” published on Noll’s website: 
http://www.math.cmu.edu/ wn0g/noll/FC.pdf. 

[10] Muschik, W. 1998. “Objectivity and Frame Indifference 
Revisited.” Arch. Mech. 50: 541-7. 

[11] Muschik, W. 2012. “Is the Heat Flux Density Really 

Non-objective? A Glance Back, 40 Years Later.” Cont. 

Mech. Thermodyn. 24: 333-7. 

[12] Muller, I. 1972. “On the Frame Dependence of Stress and 

Heat Flux.” Arch. Rational Mech. Anal. 45: 241-50. 

[13] Muller, I., and Ruggeri, T. 1993. Extended 

Thermodynamics. New York: Springer, p. 34. 

[14] Helgason, S. 1978. Differential Geometry, Lie Groups, 

and Symmetric Spaces. New York: Academic Press. 

[15] Bampi, F., and Morro, A. 1980. “Objectivity and 

Objective Time Derivatives in Continuum Physics.” 

Found. Physics 10: 905-20. 

[16] Green, A. E., and Naghdi, P. M. 1965. “A General 

Theory of an Elastic-Plastic Continuum.” Arch. Rational 

Mech. Anal. 18: 251-81. 

[17] Oldroyd, J. G. 1950. “On the Formulation of Rheological 

Equations of State.” Proc. R. Soc. A 200: 523-41. 

[18] Morro, A. “Modelling of Elastic Heat Conductors via 

Objective Rate Equations.” Cont. Mech. Thermodyn., to 

appear. 

[19] Truesdell, C. A. 1955. “The Simplest Rate Theory of 

Pure Elasticity.” Comm. Pure Appl. Math. 8: 123-32.. 

[20] D’Inverno, R. 1992. Introducing Einstein’s Relativity (§ 

6.2). Oxford University Press. 

[21] Christov, C. I. 2009. “On Frame Indifferent Formulation 

of the Maxwell-Cattaneo Model of Finite-Speed Heat 

Conduction.” Mech. Res. Comm. 36: 481-6. 

[22] Lebon, G., Machrafi, H., Grmela, M., and Dubois, C. 

2011. “An Extended Thermodynamic Model of Transient 

Heat Conduction at Sub-continuum Scales.” Proc. R. Soc. 

A 467: 3241-56. 


