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Multilayers Plates Buckling by Mixed Finite Elements
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Abstract: It is presented a buckling analysis of multilayered plates by the finite elements method with mixed unknowns (displacement
and rotations, and transverse interlaminar stresses). In the mixed model, each layer is analyzed as a single plate, where the continuity of

displacement is ensured by Lagrange multipliers which represent static variables. This procedure is easy to be implemented from the
computational point of view. A methodology to solve the eigen problem is presented based on the inverse iteration method. The model

is verified successfully with results obtained by other authors.
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1. Introduction

Advanced composite materials are widely used in
many engineering branches such as civil engineering,
naval engineering and aerospace engineering because
of their high strength-to-weight ratio, excellent
corrosion resistance, good fatigue behavior and other
superior properties with respect to conventional
materials.

Within the different types of composite materials,
laminates are the most popular due to their variety of
structural applications in situations where high
membrane resistance and flexural strength are required.
The composite laminates are basically plates formed by
several sheets that are perfectly joined together,
presenting an anisotropic behavior. Each sheet is
composed of fibers embedded in a matrix. These fibers
give high mechanical properties to the sheet in the
direction of the fiber, while the matrix holds them
together. The sheets are placed one on top of the other
oriented according to the design requirements, in order
to optimize the use of the material. Their increasing use
demands the development of efficient and precise
numerical methods to adequately predict their complex

behavior.
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In the present article, a solution, based on a layered
model, is proposed for the determination of the critical
buckling load from finite elements with mixed
variables (kinematic and static).

2. Problem Formulation

Let a plate composed of n layers of height h;,
perfectly connected and whose mechanical properties
may differ, define a particular Cartesian coordinate
{z% a=1,2,3} for

respective mean surface Q;, where (z%,22%) are the

system each layer on its
coordinates in the plane, (z3) is the transverse
coordinate. The upper face of each is in z3 = — h; /2
and the lower face in, z3 = + h; /2.

The kinematics of each layer is modeled
independently by adopting the FSDT (first-order shear
deformation theory). Thus, the field of displacement of
apoint {z%} of a generic layer i is given by:

uy(z4,2%,2%) = uy (24, 2%) — 2%y (2", 2%)
Uy (24, 2%,2%) = upy(2',2%) — 2°B,(24, 2%) (1)

uz(zt,z%,z3) = w(zl, z%)

where, u = [u,q,u,,]T are axial displacements in the
middle surface of the layer, B = [B;,5,]T are
rotations of the transverse (assumed inextensible)
normal around the axes z2,z?1, respectively, and w is
the constant transverse displacements in the thickness.

The joint behavior of the sheets that make up the
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multilayer system necessarily supposes the continuity
of displacements between adjacent layers (Fig. 1), for
which it is imposed:

(1) The displacements in the plane of the lower
fibers of the top layer i must be equal to those of the
upper fibers of the bottom plate i + 1:

i hi i+1 hi
ul? (Zl,Zz, +j) =l )(zl,zz,——’“)

2
. . - , 2)
u(zl) (Zl, 72, + %) = ug“) (zl, 7%, — —h’z“)

(2) The transverse displacements in the upper layer i

must be the same as those of the lower plate i + 1:
wd(z,22) = wlitD (51 72) 3)
The functional of the total potential energy of the
multilayer system is presented as an superposition of n
simple plates where the kinematic constraints are

mathematically ensured from the incorporation of
) N aqT .
Lagrange multipliers AY) = [1(1]),/1(2”] and p

which represent the static variables at interface j

(interlaminar transverse stresses):

n
1 o 14,3 o1 . . . . .
= Z {E ha(u® u®) + Eﬁa(ﬁm’ B +s hb(Tw® — B0,y — W) — W@gz} +
i=1

+ynt { Jypeny AUFDT [(um _ % B‘”) _ (u<j+1> + % B”“’)] AQ ++ [ (W) — wl+D) ﬂ<j+1>dQ} o)

i‘[@)—\\
/

! i-1

Mﬁl{l ) 1
ﬁ 21

|

{+1)

Fig. 1 Displacements field through the thickness of the multilayer plate.



Multilayers Plates Buckling by Mixed Finite Elements 945

a(u<i>, u<i>) a(ﬁ(i>,ﬁ(i)) are the
membrane and flexural energy for each layer,
respectively, while b(Vw“> — B ww @ — ,B(i)) is
the deformation shear energy. The total external work
in each layer is named We(,?t Only the work of the
forces in the plane is considered due to the transversal

where, and

deflection:

ext —

w — fQ%VW(i)T N ywlddo (5)

where, (N11,N22) and N;, represent the axial and

the shear forces on the plane.The coefficient

ng)),(a,y = 1,2) relates the global buckling load with
each layer one (see Appendix A). The comma indicates
the partial derivative with respect to the position in
space.

The physical justification of Lagrange multipliers
is given by Alliney and Carnicer [1], and Carnicer

with, etal. [2].
Ny, nON
N = [ - 11 (13 12] (6) 3. Discretization by Finite Elements
N22N2z2  M32N2p
T The equations that govern the problem are obtained
wwi = [w, " w] (7) by taking the variation of the Eq. (4)
sul®: ha(u®, su®) — [ suldT- 2040+ [ sufT 24 0gQ =0 ®)

Swit: hib(Vw® — B0 sywiD) — f SwiudQ + f AR )
Q; Q;

= Jo, SVwiT . NO . ywPdQ = 0 ©)

SRS . . ,
51;0):5(1([;(1)’5[;(1)) + hib(VW(l) - B, _5B(l>) +

Ri ¢ (i ; Ri o ol i
— fQi ?5B(l>T 2000 — fQi ;5B(1)T ADdO =0

. . P h._
SAD: [0y SAUTDT. [(u(] 1) _ e

S [y (WU = wi)5u07dQ = 0

where, i =1,..,n; j=2,..,n. The Greek letter 6§
symbolizes the variational operator.
The kinematic variables require continuity C° when

only their first derivatives appear in the Eqgs. (8)-(12),

) N 7T
(u(L)‘ W<‘>,ﬁ(l),l<1),,u<]>, Z) — leglel Nk(ukm,Wk<‘>,ﬁk<‘>,lk<]),,u (]>:Zk)

where, NN represents the number of nodes of the

element and N, are the interpolation functions

associated with node k. The circumflex tilde (")

[g(j—1>) _ (u<j+1> + %[;m)] dQ =0

(10)
(11)

(12)

whereas the variables can be discontinuous (continuity
C"). However, the same interpolation is used for all the
unknowns for simplicity.

Using isoparametric finite elements [3],
(13)
indicates nodal variable.

Incorporating Eq. (13) into Egs. (8)-(12) gives the

finite element model:
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saT - (AL a® — B 26+ 4 B30 = 0 (14)
SWHT. [G<i> i) — DT RO _ gL g0 gl gD gy O W(i)] =0 (1)
SBIT . [Aﬁ) B — ED @) 4 . gl Cl@ XU Cl§i+1> . i““)] =0 (16)
3 DT | =(j— DT, Bi- DT | =(j NIT B =
SANT. [BjJ_1 U=V — ¢ g0 — T ) — ¢ .ﬂ(})] =0 (17)
5aT - [H}f}fwﬁ-ﬂ _ H}f)'rw<j>] =0 (18)
For a 3-layer system, the matrix representation in compact form is presented below:
(= .
: CulQi G 0 % 0
Lo Q1210 QZ; 0] 1000 0 A, 0
| Q2 C,, Q13 -4 D0 Gy O i | %=1 0 (19)
N P ! ---—+1-- |5
\ 0 Q5 0 QL 0 0 o:o:/ 1% 0
"""" T G B ) VA SR B

where, X; are the nodal kinematic variables, A; are
the (Cii, Gy) the
contributions of mechanical and geometric rigidity of

nodal static variables, are

each layer, respectively, and (Qii,Qij) are the
matrices resulting from the constraint Lagrangian

problem. The factor A is the critical buckling load

parameter, defined as:

Ner _ Ngr _ Ner

A= =—"-= (20)
N11 N22 N12
The no trivial solution from Eq. (10) requires:
det(K— AKg) =0 20

after applying the boundering conditions.
4. Eigen Value Problem Solution

As is characteristic of mixed formulations, the

6y 0
| i 0i0 0 o0
T 0 6y 0
.0 0 o o
0 Gy

Since the initial vector is arbitrarily defined, Eq. (19)
is generally not true (if satisfied, the test vector is an

) =)

) R)

&)

mechanical stiffness matrix is not positively definite,
nor is the geometric stiffness matrix. In addition, the
number of unknowns increases rapidly as more layers
are added to the model, so that the determination of the
eigenvalue problem is difficult. In this section, a simple
solution methodology is proposed based on the inverse
iteration [4].

The procedure is to initially establish a test vector.
Subsequently, the term involving the geometric
stiffness matrix is evaluated. Since the eigenvectors
can only be determined within a scale factor, the choice
A does not affect the result, so itis assumed 4 = 1. In
this way, it is obtained the equivalent load vector
shown in Eq. (22).

1,k Gyq- X1

2k 0

2| = [G22- iz,k (22)
3k 0

3,k G33. %3

eigenvector), so the following system of equations
must be solved:
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E _C_l_l_i_ _Ig _______ X1 Gy Xy
i {Q:i0 Q7 o At 0
Q22 Cy; Q;k ' 22,k+1 = Gzz-k\z,k (23)
0 Q:23_ _ﬁrdg: i3,k+1 0
________ s Gl el 6y,
From Eq. (23), it results:
Ci1%; K+l G113\71,k - Q}‘Z/Alz,k+1
C20X, K+l Go2X2, — szzz,kﬂ - Q§323,k+1 (24)
C33£3,k+1 = G33f3,k - st;{&k+1
Replacing the displacements in the remaining equations yields the reduced matrix shown in Eq. (25):
Qi G- Q1 + Q7. C37. Qs 22:C22-Qz; s
Q23-C37-Qyp, Q23.C37. Q33 + Q33.C33. Q3 jL3,k+1
Qi2- Cif' Gy Ry — Q2- €11 Gz Xy
= (25)

-1 = T -1 =
Q23-C22. G5 X5 — Q33.C33. G33. X3

Thus, the kinematic variables are determined from
the static variables, solving the “mixed problem”.

The sufficient but not necessary condition for
solving the system Eq. (25) results:

Ny, 2 Ny, (26)

where, n,, and n,; are the number of degrees of
freedom of the corresponding variables [5].

The correspondent eigenvalue is computed applying
the Rayleigh Coefficient:

fi,zﬂ' Gy " Xy,

Agyr = Z?:l =

xi'

27)

T ~
ferr” Git " Figys

Then the resultant vector is normalized in order that
the new vector satisfies:

it /fi,i "Gy =1 (28)

+1 ii'k+1
Normalization maintains vector elements with
similar values during each iteration. If it is not done,
the values of the elements grow and decrease at each
step, which can cause numeric problems.
The convergence check is specified by comparing

two successive values of the eigenvalue:

Ag+1—Ag

< tolerancia (29)

Ag+1

If the convergence criterion is not satisfied, a new
iteration is started using the test vector obtained when
solving the system Eq. (23). The procedure is repeated
until the established convergence is reached. As the
number of iterations increases, the eigenvalue and

eigenvector are lowered.

5. Numerican Results

From the presented model, a code is implemented in
the GNU Octave program for the determination of
critical loads of composite plate buckling. The effects
of the material and the thickness/side ratio on the
collapse load are studied. In addition, the variation
through the thickness of the transverse stresses
associated with the buckling mode is presented.

The analyzed plates have a rectangular geometry
with dimensions a, b coincident with the x, y directions
respectively (see Fig. 2). In all the examples, for
reasons of symmetry, only one quarter of a plate is
modeled with a mesh of 6 x 6 quadrilateral four-node
isoparametric elements with linear interpolation. The
numerical evaluation of the integrals is carried out

using the Gauss quadrature method, using 2 x 2 points
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Fig. 2 Plate representation and typical mesh used in the
model.

for the membrane terms, flexion, while 1 x 1 points for
geometry and geometric stiffness. The tolerance to
accept the solution in the problem of eigenvalues was
established in 1e-6.

The edge conditions used are:
(x,0):w=uy, =6,=0
0,y):w=1ug, =B, =0

(x,b/2):uy, =P, =0
(@/2,y):tox =Py =0

The elastic properties of the materials are:

(30)

Ga3
E;

G12
Ey

=06 L2=SB_05 y,=025 (31)

E>

where, the ratio E1/E2 is specific for each particular
example. The value of E2 is arbitrary because of the

dimensionlessness used:
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AN

(2)

Table 1 shows the uni-axial critical buckling load for
square plate (0°/90°/0°) with a
thickness/side #/a = 0.10 ratio and different E1/E2
ratios. The obtained results are contrasted with the

a laminated

solution of the elasticity 3D5, noting an excellent
correlation. It is noted that as the number of calculation
layers is increased, the solution presented is refined as a
direct consequence of computing more realistically
strain energy by cutting through the thickness, which is
assumed constant in each layer.

The effect of the thickness/side ratio on the critical
buckling load is studied in Table 2. A laminated square
plate (0°/90°) with an E1/E2 = 40 ratio under uni-axial
loading is analyzed. Each individual sheet was
discretized in four calculation layers. The results are
compared with those of other authors.

Finally, the physical meaning of the Lagrange
multipliers is evident. The variation along the thickness
of the transverse interlaminar stresses associated with
the failure mode in Fig. 3 for the plate of the first
example with relation E1/E2 = 40 is plotted, while in
Fig. 4 for the plate of the second case with ratio 4/a =
0.10. The wvalues obtained are divided by their
maximum absolute value. The distribution obtained is

Tablel Individual layer orthotropic degree effect on the buckling axial critic load of a square plate (0°/90°/0°), simple

support with A/a = 0.10.

Relation E|/E,

Reference Thickness discretization
10 20 30 40

3 layers 5.4972 10.0842 15.3656 19.5699 23.0107
Current 9 layers 5.4720 9.9811 15.1017 19.1299 22.3981

15 layers 5.4698 9.9720 15.0782 19.0902 22.3418
Noor [6] 5.3044 9.7621 15.0191 19.3040 22.8807
Singh et al. [7] 5.2284 9.6259 14.6458 18.6158 21.8527
Reddy and Pan [8] 5.3933 9.9406 15.2980 19.6740 22.3400
Table 2 Buckling axial critic load for a square laminated plate (0°/90°), simple support varying h/a.
Relation 4/a Singh et al. [7] Reddy and Pan [8]  Vanetal. [9] S}}:;l]((fﬁg]l and Current
0.10 11.310 11.563 11.360 11.349 11.275
0.05 12.427 12.577 12.551 12.510 12.642
0.02 12.800 12.895 12.906 12.879 13.091
0.01 12.873 12.942 13.039 12.934 13.158
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Fig. 3 Transversal shear stress variation through the depth o3 (O‘E’Z )
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as expected, with the contour conditions at the upper

and lower edges being met.

6. Conclusions

A mixed finite element model is presented to
determine the critical buckling load of multilayer plates.
The continuity of the displacements as well as the
transverse stresses is ensured along the thickness of the
plate from the inclusion of Lagrange multipliers. The
mixed formulation allows a direct evaluation of the
transverse stresses without the need to integrate the
equilibrium equations that imply losses of precision,

resulting in a point of great interest in the study of the

response of composite laminates. A methodology is
implemented from the inverse iteration method to solve
the problem of eigenvalues with satisfactory results.
The accuracy of the model is demonstrated along a
series of problems where the results found resemble

those available in the literature.
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Appendix A: Buckling Coefficients

When each layer is modeled independently, it is necessary to distribute the critical buckling load of the plate in the different layers.

For this purpose, the set of layers is considered as a system of springs in parallel (see Fig. 5).

NCI‘

- = , 2
Bl foceennnns. | Q- <_ > > 7 4/I‘|.."a"|'w'IA'I".""',v-'l‘l'-.."hl‘;'l‘ [
S k

\ A
Fig. 5 Load distribution by layer: parallel spring analogy.
For a general layer ,
o 1
&1 = E(511N11 + 512Nz + 516N12)
1
&2 = ;(512N11 + 522N + 56Ny5) (33)
o 1
&2 = E(516N11 + 526Nz, + 566N12)

where, (7, €5,,€7,) are the membranal strains in the layer plane, while s, (a,y = 1,2,6) are the coefficients of the inverse marix

of the elastic coefficients.

From Eq. (33),

N h 0
11 = €11
S11 + 11812 + b11S56
Npp =——————&2, (34)
Q22512 + S22 +D22526
h
Ny, = &l
12
12516 + b12526 + See
where,
NZZ NlZ
ay, =Nz by, = Nz
1=y 1=y
N11 N12
ayy = — by, = = 35
22 = 22 =, (35)
Niq \PP3
ay, = byp = 22
12 =5, 12 =y,

Assuming that the springs (layers) have the same deformation, after some algebra, we get:

. n o o o
@ _ N h; {Sﬁ) +al)sl) + b;lfsfs)}
UEN, 0L 000, 0D )
N1y S;p tagy8y, +biisig o hi
G _ NG hy n {a%si"ﬁ +s4 +b§‘%s§‘2}
Moz = N, = QS s e it =
. wo o .
@ _ N9 hi {aggs;g +b{)si) + Sé”}
2N T 00 L 00 6) .
N2z 13816 T by356 + Ses =1 hi



