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A Note on Special Functions Related to Lotka / Negative
Volterra Equations

Takashi Fujiwara

Abstract: We study special functions related to Lotka-Volterra equations and negative Volterra
equation intro-duced from zero curvature representations . At first we show the relationships between
Lotka-Volterra equations introduced from zero curvature representations and symmetric orthogonal
polynomials. Sec-ondarily, we describe the relationships between negative Volterra equations with a
special solutions and cylinder functions.

keyword. Lotka-Volterra equations, Negative Volterra equations, symmetric orthogonal polynomials,
cylinder functions, three term recurrences

1 Introduction

In this paper we study Lotka-Volterra equations and negative Volterra equations related to special
functions {¢, (A, t)} satisfying the identities

APn (A1) = dna1 (A1) + un () Pr—1(A, 1),

where we denote n as a natural number and A, ¢ as a real number. At first we consider the relationships
between Lotka-Volterra equations

Z7tn(t) = un () (un 1 (£) = un 1 (1))

and symmetric orthogonal polynomials satisfying three term recurrence
AP, (A t) = Pori (A t) + upn () Pt (A, 1), P_i(\t)=0, Py(\t)=1

For this relationships there are many investigations([1], [3], [6], [8]). Here we describe this relationships
using zero curvature representations([3], [6]).
Secondarily, we consider the relationships between negative Volterra equations

d
ZUn() = 1) —an(t),  un(t) = gu(t)an-1(t)
and special functions satisfying the identities

)\Ql}n()\, t) = 7/}71-5—1()\7 t) + Unp, (t)?/in_l(/\, t)

Negative Volterra equations were introduced by Pritula and Vekslerchik[4]. Here giving special solutions
t

gn(t) = on for negative Volterra equations, we show that there is relationships between negative Volterra
n

equations and cylinder functions([2],[9]).
Within this framework, we introduce in the next section the notion of symmetric orthgonal polynomials
and describe the relationships between Lotka-Volterra equations and symmetric orthogonal polynomials.

In section 3, we derive a relationships between cylinder functions and negative Volterra equations with
t

special soulutions ¢, (t) = o
n
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2 Orthogonal polynomials

In this section we refer the general property of orthogonal polynomials([1],[4]). At first we define the
moments, and we will construct orthogonal polynomials by using the determinants with elements as we
denote the moments.

2.1 Moment and Hankel determinant for orthogonal polynomials

We let the vector space V ={z" € R|n=1,2,3,---}. We define the linear functional £ : V' — R. By
using this linear functional £ , we define moments s; as

skzﬁ(xk):/ Fdu(z)  (k=0,1,2,3,---),
zeA

where we denote i as Borel measure on A = suppu C R. Here we want to define Hankel determinant
with the elements as we denote this moment {sy}.

S0 s1 1 Sp—1
S1 So v Sn
Tn =
Sp—1 Sn S2n—2

2.2 Monic orthogonal polynomials represented by determinants

We denote {P,(z)} as a monic n th polynomials with respect to variant . Now we can get the monic
orthogonal polynomials P, (x) using the Hankel determinants 7,

S0 st Sn
1 S1 St Sn41
Pp(z) = .
n
Sp—1 Sn " S2an—1
1 x "

It follows from it that we have the orthogonality

L™ Pa(z)) = 256, (m=0,1,2,--n)

n

2.3 Three term recurrences for orthogonal polynomials

Assume that we have the equality
2Py(2) = al ™ Popa(2) + 0l Po (@) + af ™V Py (@) + -+ af Pi(2) + af) Po(x)

We operate L[ - P,_1(z)] on both side of above equality and then it follows from the orthogonality
L(xz™P,(z)) = Ménm that we have
T

L(xPy(7)Py—1()) = a;"_l)ﬁ(Pn,l(x)Pn,l(x))

Thus, we obtain

L(z"Py(z)) = a" VL@ P, 1(2))
Tn+1 _ agln_l) Tn
Tn Tn—1
gn=1)  _— TntlTn-1
Moreover we operate L[ - P,(z)], and then we can get

L(x P () Pa(2)) = L(al]") Pa(2) Pa(x))
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By Laplace expansion of Hankel determinant for orthogonal polynomials and the orthogonality we

have the equality

50 s1 Sn—1 Sn
S0 S1 e Sn—2 Sn
S1 S Sn Sp+41
" 1 S1 S2 Sn—1 Sn+1 1 1
Llz|z"—— . . . . . T —
Tn : : : : : Tn ’
Sn—1 Sn e Son—2 Son—1
Sn— s s Sop_ Sop— _
n—1 n 2n—3 2n—1 1 T L. " 1 "
Moreover we obtain
50 S1 e Sn, 50 S1 o Sp—1
S1 52 ce Sn+1 S1 52 ce Sn
1 : : : Tnt1 (n) Tn+1
— : : L : -— =a,
Tn Tn Tn
Sn—1 Sn e Son—1 Sn—2 Sn—1 o Son—3
Sp4+1 Sn+2 T S2n41 Sn, Sn+1 T S2p—1
Thus we have
S0 S1 co Sn S0 S1 T Sn—1
S1 52 te Sp41 S1 52 te Sn
(n) 1 . . . 1
a,’’ = : : : _
Tn+1 Tn
Sn—1 Sn o S2p—1 Sp—2 Spn—1 - S2n-3
Sn+1  Sn4+2 " S2n41 Sn Spn+1 0 S2p—1
In the case of k =0,1,2,---n — 2, we operate L[ - P,(x)], and then we have

L(zPa(2)Pi(2)) = L(a Pu(x)Pi(w))

E(gijran(lL')) = ast)Tk+1 k:031727"'n72
Tk
P =0  (k=0,1,2,---n—2)

For all monic orthogonal polynomials, we have three term recurrences

2Py (2) = Poy1(2) + alV Py (x) + "V P, (2)

2.4 Favard’s theorem

At first we put ol = b,, and alP b = Urn. Then we have the equalities

zP,(x) = Py(x) + b, P () + upPr—1(x)

Next we put P_1(z) =0 and Py(z) = 1.
Assume b,, is real and u,, >0 foralln =1,2,---.

Then the zeros of the polynomials generated by P, (z) = P,11(x) + b, Po(x) + uy Pr_1(x), P_1(x) =0,

Py(xz) =1 are real and simple. Furthermore the zeros of P,, and P,_; interplace.
Let
TN, > TN2 > "> INN

be the zero of Py(x).
Theorem (Favard) If we have the three term recurrence

2P, (x) = Ppi1(z) + b, P () + un Proq ()

with P_1(x) =0 and Py(z) = 1, and we assume
bpeR and wu, >0

for all n > 0, then there exists a distribution function p such that we have

/ Po() P (2)dp1() = G
xEA
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where (, denotes

n
Gn=1Tw
j=1

To prove this theorem we introduce the following lemma
Lemma 1 (Helly’s selection theorem[5]) We assume the sequence {zn ;}j_y C A Let © be a family
of functions defined on A and satisfying the conditions

sup > [ (o) = foe-1) [SC - swp | f@) S M (f€©)
k=1

zeA
for suitable C' and M, where the least upper bounded is taken over all finite partitions
A np <TNn-1 <Tnp-2<: <IN
Then © contains a sequence which converges for ever x € A.

proof Let f = h — g, where h is the total variation of f on [z n,]. Then the functions h corresponding
to all f € O satisfy the condition of the lemma, since

n—1 n—1
S‘ipz | h(@n ki) = h(zng) |=sup Y | fl@nes) — flave) < C sup | h(z) [< C
k=1 k=1 ze

Now we choose a sequence {f,} from © such that h, converges to a limit » on A. Then the functions
gn = hyn, — fpn are also satisfy the conditions of the lemma. Therefore {f,,} contains a subsequence {fy, }
such that {g,, } converges to a limit g* on A. Then klim fn, () = f*(x), where f* = h* — g*.

— 00

Let rq,--- ,7rn, - be the rational points on A. It follows from the conditions of the lemma that the set
of numbers

flri)  (feo®)
is bounded. Hence there is a sequence of functions { j}gl)} converging at the point 1. Similarly, { fﬁbl)}
contains a subsequence { fr(lz)} converging at the point ro as well as at ry, { f,(f)} contains a subsequence
{ ffl?’)} converging at the point r3 as well as at r; and 7o, and so on. Then the diagonal sequence {F,} =

{ f,(L”)} will converge at every rational point of A. The limit of this sequence is a function F', definded only
at the points r1,--- ,7y,, - -. We complete the definition of F' at the remaining points of A by setting

F(z)= lm F(r),

r—x—0

if x is irrational where we denote r as rational number.
The resulting function F is then the limit of {F,} at every continuity point of F'. In fact, let * be such
point. Then given any € > 0, there is a § > 0 such that

. €
| F(z") = F(a) [< ¢ (1)
if | 2* —x |< 6. Let 7 and ' be rational numbers such that
et - <r <at<r <a*+46

and let n be so large that

It follows from (1) and (2) that we have

"

| Fulr) = Fa(r") | < | Fulr) = () [+ F() = F(@*) [+ | F(z*) = F(r") | +| F(r") = Fu(r") |

<2
€
3
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Moreover we have

| F(z*) = Fu(a®)| < |F@) = F() [+ | F@) = F(r') | +| Fu(r') — Fu(a") |
e € 2
< 6+6+§€
= ¢

Therefore
lim F,(z*) = F(z"),
n—oo
since € > 0 is arbitrary.
Thus we have constructed a sequence {F), } of functions in © converging to a limit function F everywhere
except possibly at discontinuity points of F'. This lemma was proved.
Now we introduce a sequence of right continuous step functions{v,,} by

vn(00) =0, vn(zn;+0)—vn(zn; —0) = pzNn,)

where we define a sequence

(N1 )
xN,' — ; j:1,2,N
plan.s) Py(znj)Pn-1(7N,;)

Lemma 2 The moments / #dvy(z), 1 < j < 2N — 2 do not depend on ¢ for k > [(j +1)/2], where
R

|a] denotes the integer part of a.

proof The fixed j choose N > 1+ 5/2 and write 27 as 2%z, with 0 < £, s < N — 1. Then express z° and z*

as linear combinations of Py(x), -+, Py_1(z). Thus the evaluation of / 27 dvy (z) involves only (g, - - -,
R
CLG+1)/2]

(Proof of Favard’s theorem)
Since

1=¢ = /RduN(sc) =vn(0) — vy (—o0)

then the vy’s are uniformly bounded. From Helly’s selection theorem it follows that there is subsequence
1N, which converges to a distribution function p. It follows from Lemma 2 and Helly’s selection theorem
that {{vn} — {nn, }} also converges to p. It is clear that the limiting function p of any subsequence will
have infinitely many points of increase.

Thus Favard’s theorem was proved.

3 Zero curvature representations

There are many investigations of the relationships between integrable systems and special functions. For
example, there is the relationships between Toda molecule equations and orthogonal polynomials. At first,
we have three term recurrences for orthogonal polynomials

Pp () + ba ()P (N) + un(t) Py (A) = APL(X)

o,(\) = ( 75596) )

n—1

Here we put

then we obtain the linear equations
®), 11 (A) = L, (N2, (V),

() = ( A—ibf(t) uno(t) >

where we denote

Next we assume that we have



where we denote

n=( 0 H )
LE (X

Then we differentiate both hand of ®f, ,(X\) = )®L (N), then we can get the equations

0
57 LnN) = AL L) + L (M AL (V)
Therefore we have four equations

=0

bn(t) = (A = ba (1)) (0, (A) — a1 (A) + B 11 (A) + un (D)7, (A)
() = un (t)(c al iy (V) = 81,(N)) — (A — B)35(A)
52+(1§>\ = o (A) + (A = bn ()75 41(A)

= Y1 (Nun(t)

It follows from four equations that we have two equations

bu(t) = (A= ba (1)) (@4, (A) — a1 (V) = ¥y o (N tnga (8) + un ()75 (N)
U (1) = un (t)(al 1 (N) = af 1 (A) = (7 (A) =7 (A)A
+75 (A\)bn -

(3)
1(t) — bn(t)’Ysz (A))-

Moreover we put af,(A\) = 0, 7% (A\) = 1, we can get Toda lattice equations

{ bn(t) = Un(t) — tn+1(t)
Un () = un(t)(bn-1(t) — bn (1))

Here we put the moments

Sk(t) _ Et(Ak) _ exp(—V(m,t))

exp(—V(y,1))du(y)

dp(x),

yeEA

where we denote V (z,t) as a function on (z,t) € AxR. Then we can obtain the solution of Toda equations
represented by Hankel determinants

Sn(t)
) si(t)  s2(t) Snt1(t)
bn(t) : :
@ e e som1(1)
Sn+1(t)  Snt2(t) Son+1(t)
S0(t) s1(t) o0 spo1(t)
s1(t) sa(t) o0 sp(t)
O 0 saa) som_s(t)
sn(t)  sny1(t) san—1(t)

(5)
e ()7 (1)
un(t) - = Tn (;)12
where we denote
S0 (t) Sl(t) Snfl(t)
® s1(t)  sa(t) Sn ()
smo1(t) snlt) som_a(t)
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Following Aptekarev, Branquinho and Marcellan [1], V(x,t) = xt holds.
Next we will introduce Lotka-Volterra equations. At first, when we put b,(t) = 0 in the equations(1),
we assume that u, (t) become vy, (t). Then we obtain two equations

{ Mo, (N) = 071 () = Yyo (Nonga () + va ()7, (A) (©6)
vn( ) = vn(t) (@41 (N) = a1 (A) = (1, (A) = Vg1 (A)A).

Next we put af (\) = v, (t) and v (\) = —\, then we can obtain

%w) = U () (Vn41() = vn-1(t)).

Now we refer relationships between moments s, (t)and vy, (t). We assume that we have

exp(—V (z,1))

exp(=V (y,1))du(y)

sana () = £ PP = [ gt 7 dule) =0 (k=12,3--")

yeEA

Then we get b, (t) = 0. Moreover we have the equality

Tn(t) = fn(t)fn—l(t)

where we denote

so(t) 0 s2(t) o s2n-2(t) 0
0 S92 (t) 0 tee 0 Son (t)
Ton(t) = : : : e : : ,
Son—2(t) 0 Sop(t) -+ Sap—a(t) 0
0 Son (t) 0 cee 0 S4n_2(t)
So(t) 0 S9 (t) e 0 Sgn_g(t)
0 S92 (t) 0 e SQn_Q(t) 0
0 Sgn_g(t) O e 52n_6(t) 0
$2n—2(t) 0 Son (t) e 0 S4n—4 (t)
and
SR
So(t sy(t cee Son (T
foa=| P
Son—2(t)  Son(t) -+ sap—a(t)
so(t)  sa(t) oo s2a(f)
Sq t sg(t Son42 t
fmiy | 20 20
Son(t)  Sopya(t) -+ San—a(t)

Therefore we obtain

v (t) _ Tn+1(t)7-n*1(t) — fnJrl(t)fn(t)fn 1( )fn (t) _ fnJrl(t)fan(t)
! n(t)? S (@) fr-1 () fr(t) fr-1(t) fu (@) fr-a(t)

Following Aptekarev, Branquinho and Marcellan [1], V (x,t) = 2%t holds.

3.1 Symmetric orthogonal polynomials

It follows from ®f (\) = A? (\)®? (\) that we have

Dn Un AV, ©n
(o) - (B ame) (22
UnPn — ANUpPp—1
( =X + (X = vp_1)pn-1 )
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Hence we have the coupled equation

On = UnPn — AUnPn_1 (7)
L)bn—l = )‘Spn - ()\2 - vn—l)‘pn—l

It follws from this coupled equation that we get the equality
UnPn — )\’Unspnfl = )\SDnJrl - ()\2 - ’Un)(pn- (8)

Thus we have three term recurrences

APn = @ni1 + UnPn—1. 9)
By (7) and (9),

Sbn = UnPn — vn>\§0n71
Un¥n — fUn((Pn + Un—l@n—2)
Un®Pn — UnPn — UnUn—-1Pn—2

= —UpUn—-1¥Pn-2 (10)

Thereby we obtain
On = —VUnUn_1Pn—2 (11)

Therefore we have the following result
THEOREM (Vinet and Zhedanov (1998)(8]) If v—1 =0, wo = 1 hold, then @, is symmetric orthog-
onal polynomials.

4 Negative Volterra equations and Cylinder functions
In this section we consider the relationship between special functions satisfying the identities
A (A1) = U1 (A 1) + wn () hn-1(A, 1)
and negative Volterra equations. By using 1, (), t) satisfying the identities, we construct Lax pair

{ \I/nJrl = Un\Ijn

v, = anpnv
_( (M)
¥ = ( _'(/)n—l()‘vt) )

Un = ( j1 wno(t) )

- () %)

It follows form this pair that zero curvature representation

where we denote

and denote

d

holds. From this representation we obtain two equations

{ 0= Aoy (A) — 711 (N) = e N wn i1 () + wa ()7, (A) (12)
W (t) = wn(t)(ah11(A) = 71 (A) = (1 (A) = 11 (A)A).

—1(t) 1 1
If we let af,(\) = 0, BL(N\) = _n-a , E) = ———, §E(N) = , then we can get the
( ) B ( ) A K ( ) AQ"L—l(t) ( ) qTL—l(t) 5
equations
Wpn = (4n—-1 — Qqn (13)

Wpn = dndn—1,
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where we denote as ¢, = qu(t) , wn, = wp(t) We call this equation "Negative Volterra equations”. The
reason we call "Negative ” is that -, depend on A~'. Now follows it from ¥,, = V,,¥,, that we obtain

{ wn = qn)\_lwnfl

’l/)n—l = _)\qi (14)

wn + qn%lq/}"_l'

—1

Remark. {t¢,} is not symmetric orthogonal polynomials. We show this fact by proof of contradiction.
Assume that {1, } is symmetric orthogonal polynomials. Then ¢ _; (), t) = 0 and (A, ¢) = 1 hold. Then

: t t
we have 91 (\,t) = QOi )z/JO()\,t). Since 11(\,t) = A and X doesn’t depend on ¢, we have 0 = w®) 1.

Namely ¢o(¢t) = 0. Thus we obtain w1 (t) = q1(t)qo(t) = ¢1(¢) - 0 = 0. This fact w;(t) = 0 conflic
Favard’s theorem. Therefore it was shown that {1} is not symmetric orthogonal polynomials.

s with

Well we will consider what functions {¢,,} is. Since we can get 1,1 = ¥y, from (14), we obtain

n—1
0 A 1
A n = - n + n
ot (CInl,(/J ) )\an v q% 1w
~Ajn_1 A -
Qn 1 Qn—l Qn 1 qn 1
Gno1 - . 1 .
- wn + wn = _Fwn + 71#71
gn—1 dn—1
Therefore we have the ordinary differential equations
o 1+ q7
Yy — = 1¢n 2'¢n =0 (15)
dn—1
t
We let ¢, = — which we can regard as the special solution for negative Volterra equations (13) and
n
then we obtain ordinary diffrential equations
- 2n—-1.
"/)n wn 22 wn =0, (16)

Here we describe the solutions of this ordinary differential equations. At first we start from Bessel
equations([2], [9]). ) .
26 (t) +tC,(t) + (12 —nH)En(t) =0

8
Here we put 1, (A, t) = t5"=2%, (/\> Then we obtain

i _ _ Bn—a—1 ﬁ Bn—acy ﬁ ﬁ B—1
vn = (Bn—a)t (g”()\>+t ‘fn<)\>)\t

. . B

A (5” i Oé)tiliﬁn + gt,@(n+1)*a71<gn <t)\>

Thus we have

A B

Moreover we differentiate this equality

%, (tﬁ) = DB (B — o)t )

2
Cn (f) = (2) fa—28—Bnt1 {mlﬁn + (1420 — 280 — B)ihn + (o — Bn)(a — B — 5)1571%}

On the eqaution B '
2En () + 16, (t) + (2 —n*)En(t) =0

8
we substitute 5y for t, then we obtain

128 . /4B B . /b 28 ) B
w6 (5) 54 (3)+ (7)o (5) -0
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Substituting v, for %,,, we obtain

2(fn — o) —

1Z;n L 7;[}n ()\12/82t2ﬁ + a(a - 2,871)) t72wn =0

We let a =0 and 8 =1, then we get the equations

- 2n—1 .
'(/}n wn"_ anzo

Recurrence formulae for cylinder functions
Following Watson[9], we have two recurrences for cylinder functions €

(gn—l(t) + %n-i-l(t) = 7(gn(t)
G (t) —Cor(t) = 26,(1)

t
At first we consider the recurrence %,,—1(t) + €pq1(t) = 2%, (t). We substitute — for ¢, then we can

A
t t 2n t
an—l <)\> +(€n+1 <)\> = 7>\an ()\) .

Multiplying both sides by ¢"*1,

t +1<€n—1 <>\> +1 +1(g’n+1 (A) =t Qn)\(fn (}\) .

t
hold. Here we put 9% (\) = t"¢, ()\), we can get the recurrence

obtain

15,1 (A) + U1 (A) = 2y, (V). (17)
Moreover put 9t (\) = (2n — 2)(2n — 4)(2n —6)---4-22!()\), we have the identities

2 (h 2j> 2 (H 2]) (V) =20 (nﬂ Qj) PL(N)

2P (N +2n(2n — 2) 2L () = 2n(2n — 2)AZZL(N)

and

hold. Thus we can get
t2 .

AZL(N) = Py () + m‘@n—l()\%

. A -
excluding n = 0 and n = 1. Next we deform %,_1(t) — Gp1+1(t) = 2%,(t). We substitute t—nwfl()\) -

An
tn+1

s [t
Pt (N) for €, (}\) on this recurrence, we have

A An t t
2 (i) = At ) =t (5 ) ~ %o ()

Multiplying bothside by t",

2 (M) = ) = e (§) - e (5)

2NN) — R () = 1 () — £ () (18)

It follows from (17) and (18) that we have

2,/,t t
2w () - DT wz_lwft QTN
L

AL (N) =t (A) =t (V) = A) =t (A
ML) = w o
Ph(N) = —a(

A)
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1
Multiplying both side by =1
n—=1(n —1)!

Pt (N ot (N

2n=l(n —1)I  A2n~=1(n—1)!

Therefore we obtain

. t
PN = ————2" (A
n( ) 2(77171))\ nfl( )
Moreover it follows from the equations
- 2n—1 . 1
¢n+T¢n+ﬁ¢n—0

that we have

0? Py 2n—10 Uy 1 Py _0
or? <2n1(n— 1)!) Y (2”1(n— 1)!) v (2”1(n— 1)!) e

Therefore we can obtain 52 ) Lo
o ot -1 0
atg ’@n(/\) t ot ‘@n

Hence we have the following result
PROPOSITION If we have two recurrences and one second order differential equations

)+ 33 2L =0

t2
t _ t t
ot _ b
0* . 2n—10 _, L
52 PN = = 5;Zn(N) + 5 Zn(N) =0,

excluding n = 0 and n = 1, then we obtain the cylinder functions

240 = gt (5)

5 Conclusion

In this paper we demonstrated special functions related to Lotka-Volterra equations and negative Volterra
equations introduced from zero curvature representations. We showed that there is the relationships be-
tween Lotka-Volterra equations and symmetric orthogonal polynomials, and the relationships between
negative Volterra equations with special solutions and cylinder functions. The relationships between neg-
ative Volterra equations and cylinder functions give us establish a new property of Bessel functions.

On future issues, our view is demonstarating a relationships between discrete negative Volterra equations

ul" Y —u{m =5 (qff"')l - qém“)) u{™ = Mg

introduced by using Hirota’s direct method and special functions, where we denote n, m as a integer
number. It is well-known that we can obtain the discrete Lotka- Volterra equations

n—

DLt (A<m+1> -D mf)) — pim (,\(m) _ Dgﬂ)

from the spectral transfomation and three term recurrences for symmetric orthogonal polynomials[6]. But
we do not know special functions connected to discrete negative Volterra equations. Thus we will discover
the relationships between discrete negative Volterra equations and special functions.
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