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Abstract: We formulate and analyze a predator-prey model followed by Leslie–Gower model in which the prey population is 
infected by disease. We assume that the disease can only spread over prey population. As a result prey population has been classified 
into two categories, namely susceptible prey, infected prey where as the predator population remains free from infection. To 
investigate the behaviour of prey population we incorporate prey refuge in this model. Since the prey refuge decreases the predation 
rate then it has an important effect in our predator-prey interaction model. We have discussed the existence of various equilibrium 
points and local stability analysis at those equilibrium points. We investigate the Hopf-bifurcation analysis about the interior 
equilibrium point by taking the rate of infection parameter and the prey refuge parameter as bifurcation parameters. The numerical 
analysis is carried out to support the analytical results and to discuss some interesting results that our model exhibits. 

Keywords: Predator and prey, Disease transmission, Prey refuge, Stability, Hopf-bifurcation. 

1. Introduction

In theoretical ecology the dynamical relationship 
between prey and predator is one of the important 
themes from the point of view of its existence. Also 
mathematical modelling is essential to understand the 
dynamical behaviour of such system. Anderson and 
May [1], Hadeler and Freedman [2] analyzed 
eco-epidemic models where predator population is 
infected through eating prey. The mathematical 
models, like [3, 4, 5, 6, 7] on prey–predator system 
have been studied by the researchers, out of which the 
interesting dynamics of Holling Tanner model [7] 
plays an important role in the theoretical ecology. 
Leslie [8,9] introduced prey–predator model in which 
the carrying capacity of the predators environment is 
proportional to the number of prey. Incorporating the 
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Holling type-II functional response the modified 
Leslie Gower prey-predator model was obtained, for 
example [10]. On the other hand spatial prey refuge is 
one of the more relevant behavioral traits that affect 
the dynamics of predator-prey systems. Some of the 
researchers [6, 10, 11, 12, 13] have investigated the 
influence of prey refuge and they concluded that the 
refuge used by the prey has a stabilizing effect on the 
prey-predator interaction. In epidemiology, the 
incidence rate in mathematical models of infectious 
disease [14, 15] play an important role. In [16] the 
authors analyzed an eco–epidemic model incorporating 
a prey refuge in predator-prey system in which we 
observe the very interesting dynamics corresponding 
to refuge term. Recently, the effect of disease on 
ecological systems is an important issue from 
mathematical as well as experimental point of view as 
the effect of infectious disease on the ecological 

D 
DAVID  PUBLISHING 



A Leslie-Gower Holling Type-II Predator-Prey Mathematical Model with Disease in  
Prey Population Incorporating a Prey Refuge 

396 

system controls the size of the populations. Venturino 
[17, 18], Haque and Venturino [19], Haque et al. [20, 
21, 22], Xiao and Chen [23, 24], Tewa [25], Hethcote 
[26], Rahman [27], Chattopadhyay et.all [28,29,30] 
discussed the dynamics of preypredator system with 
disease in prey population. 

In this paper, we have considered a modified 
Leslie-Gower and Holling type-II predator-prey model. 
In this model we include the infectious disease in prey 
population as well as prey refuge term. Incorporation 
of infected prey refuge leaves a factor of the infected 
prey species which are accessible to the predator. This 
model becomes more realistic than the existing models 
in ecological as well as epidemiological point of view 
after incorporation of such effect. The basic 
assumptions and model formulation is discussed in 
Section 2 . In Section 3 , we have discussed the 
boundedness of the solutions in the positive region. 
Section 4  deals with the equilibrium points, their 
existence and stability analysis. Also the influence of 
infected prey refuge on each population and Hopf 
-bifurcation analysis at interior equilibrium point is 
analyzed. All our important findings are numerically 
verified in Section5. Finally, Section 6 contains the 
discussion and biological implications of our 
mathematical findings. 

2. The Basic Assumptions and Model 
Formulation 

After the brief introduction we formulate the 
mathematical model which is based on the following 
assumptions: 

(1) At any time ( 0)t >  the total prey population is 
denoted by n  and the total predator population is 
denoted by z. 

(2) In the presence of disease total prey population 
n  is divided into susceptible prey x  and infected 
prey y  , so that the total prey population is 
n x y= + . 

(3) We assume that the disease can only transmitted 
from susceptible prey x  to infected prey y  but it 
does not spread from any kinds prey to predator by 

feeding or any other ways. 
(4) We assume that the susceptible prey is capable 

of reproducing according to the logistic law 

( )1 x ydx
dt krx += −  with carrying capacity k  and 

intrinsic birth rate r . 
(5) The susceptible prey x  becomes infected 

following the mass action law at constant rate of 
infection α . 

(6) Predators consume susceptible prey and infected 
prey following Holling type-II functional response at 
constant rate 1 2c c,  respectively. 

(7) my  is the capacity of prey refuge at time t and 
so refuge protecting my  of the infected prey, where 

0 1m< < . This leaves (1 )m y−  of the infected 
prey available to the predator. 

On the basis of the above assumptions we the 
following mathematical model: 

( )1
1

1
(1 )

dx x y xzrx xy c
dt k x m y k

α+ = − − − ,  + − + 
 

( )2
2

(1 )
(1 )

dy m yzxy c dy
dt x m y k

α −
= − − ,

+ − +
 (1) 

( )3
2(1 )

dz za c z
dt x m y k

 
= − ,  + − +   

where a  is the growth rate of predator, 3c  is the 
maximum value of per-capita reduction rate of the 
predator, 1 2k k,  are the half saturation constants for 
prey and predator population respectively and d is the 
death rate of infected prey. 

The system (1) has to be analyzed with the 
following initial conditions, 

(0) 0 (0) 0 (0) 0x y z> , > , > .        (2) 

3. Qualitative Analysis of the System 

3.1 Boundedness of the System 

Theorem 1. All the solutions of the system (1) are 
bounded. 

Proof: Consider the function 
( ) ( ) ( ) ( )u t x t y t z t= + + . Now using the equations 
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(1), we have 
du
dt

= dydx dz
dt dt dt+ + =  

1 2

(1 )
1 2(1 ) (1 )(1 )x y m yzxz

k x m y k x m y krx dy cc+ −
+ − + + − +−− − −  

23 (1 )( )z
x m y ka c z+ − ++ −  

≤
2

2
3 (1 )( )r r z

k k x m y krx x xy dy a c z+ − +− − − + − .  

Therefore 
du

u
dt

µ+ ≤
 

{ }3

2(1 )( ) ( ) c zrx
k x m y kx r d y a zµ µ µ + − ++ − − − + + −  

≤ { }2

3

(1 ) 2
4( ) ( ) ( )x m y krx

k cx r d y aµ µ µ+ − ++ − − − + +  

= { } { }2 2

3 3

( ) (1 )( )
4 4

a m arx
k c cx r d yµ µµ µ+ − ++ − + − − −  

2
2

3

( )
4

k a
c

µ++ ≤ { } 22
2

3 3

( )( )
4 4 4

k aak
r c cr µµµ +++ + +  

Now if 
2

3

(1 )
4
m a
cd −> , we can choose µ  in such a 

way that 
2

3

(1 )( )
4

m a
cd µµ − +> +  then the right hand side 

of the above inequality is bounded. Then we can find 
a constant 0P > , such that du

dt mu P+ < .  
Now by the theory of differential inequality 

( Birkhoff and Rota [31]) we have, 

0 ( ) (1 ) (0)t tPu t e u eµ µ

µ
− −≤ ≤ − + .  

As t → ∞ , then 0 ( ) Pu t µ≤ ≤ . Hence ( )u t  is a 
bounded quantity. 

Thus all the solutions of the system (1) are confined 
in the region 

( ) 0 ( ) ( ) ( ) for all 0Px y z x t y t z t ε ε
µ

 
Ω = , , : ≤ + + ≤ + , > . 

 
 

3.2 Equilibria Analysis 

 The equilibria 0 ( 0 0 0), ,E  and 1( 0 0)k, ,E  
exist for all parametric values. 

 The prey free equilibrium point 2

32 (0 0 )ak
c, ,E  

exists for all parametric values. 

 The predator free equilibrium point 
( )

3 ( )( 0 )r k dd
k r
α

α α α
−
+, ,E  exists if 1 1k

dR α= > . 

 The infected prey free equilibrium point 

4 ( 0 )x z, ,E  exists if 1 3

2 12 1k rc
k acR = >  , where 

3 2( )a
cz x k= +  and x  is the positive root of the 

equation 2 0Ax Bx C+ − =  and the coefficients are 

given by 

3A c r= ,  

1 1 3 3( )B kac k c r krc= + − ,  

1 3 2 1( )C k k rc k ac= −  

 The positive interior equilibrium point 
( )x y z∗ ∗ ∗ ∗, ,E ,  

where  

2

3

3 2

(1 )1 ( )

1 ( )
(1 )

ac mx d p say
c

y c z ax ak
a m

α
∗

∗ ∗ ∗

 −
= + = , , 

 

= − −
−

 

and z∗  is the positive root of the equation 
2 0Az Bz C− − =  and the coefficients are given by 

{ }

2
3

3 1

3 2 1

2
1 2

2

( )
(1 ) ( )
( )(2 )

(1 )( )
( )

( )( )

A c r k
B a m c r k p kac

ac r k k k p
r m k p

C a k k
k p r k

α

α

α

= + ,

= − − −

+ + − + ,

− − 
= − . + + +   

3.3 Stability Analysis 

The stability of the system (1) at each equilibria is 
obtained by using Routh-Hurwitz stability criterion. 

For this we have to compute the variational matrix 
( )V x y z, ,  of the system (1) and check the stability at 

each equilibrium. 
Result 1. The equilibrium point 0 (0 0 0): , ,E  is 

unstable as one eigenvalue of the variational matrix is 
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positive. 
Result 2. The equilibrium point 1 ( 0 0)k: , ,E  is 

unstable as one eigenvalue of the variational matrix is 
positive. 

Result 3. The susceptible prey and infected prey 

free equilibrium point 2

32 (0 0 )ak
c, ,E  is stable if 

3 1

1 201 1rc k
ac kR = < . 

Result 4. The predator free equilibrium point 
( )

3 ( )( 0 )r k dd
k r
α

α α α
−
+, ,E  is unstable as one eigenvalue of 

the variational matrix is positive. 
Result 5. The infected prey free equilibrium point 

4 ( 0 )x z, ,E  is stable if 02 1R < , where 
3

2 302 ( )
c x

ac dcR α
+= .(For proof see Appendix.) 

Stability analysis of the positive interior 
equilibrium and Hopf bifurcation 

Theorem 2. The positive interior Equilibrium point 
( )E x y z∗ ∗ ∗ ∗, ,  is locally asymptotically stable if 

the following conditions hold 1 0   d > ,

3 1 2 30   0d d d d> , − > , where isd ′  are given in the 

proof of the theorem. 
Proof: The variational matrix of the system (1) 

around the positive equilibrium point 
( )E x y z∗ ∗ ∗ ∗, ,  is 

11 12 13

21 22 23

31 32 33

m m m
V m m m

m m m

 
 
 ∗  
 
 
 
 

− − −
= −

−
 

where  

{ }1
2

1

1
2

1

1

1

11 [ (1 ) ]

(1 )
12 [ (1 ) ]

13 (1 )

0

( ) 0

0

c x zr
k x m y k

c m x zr
k x m y k

c x
x m y k

m x

m x

m

α

∗

∗ ∗

∗ ∗

∗ ∗

∗

∗ ∗

∗ ∗∗
+ − +

−∗
+ − +

+ − +

= − > ,

= + − > ,

= > ;

 

2
2

2

2 2
2

2

2

2

(1 )
21 [ (1 ) ]

( )
22 [ (1 ) ]

(1 )
23 (1 )

0

0

0

c m y z
x m y k

c x k z
x m y k

c m y
x m y k

m y

m x d

m

α

α

∗ ∗

∗ ∗

∗ ∗

∗ ∗

∗

∗ ∗

−∗
+ − +

+∗
+ − +

−

+ − +

= + > ,

= − − > ,

= > ;

  

22

3 3

(1 )
31 32 330 0 0a ma

c cm m m a−= > , = > , = > .  

It is found that the characteristic roots of the 
variational matrix V ∗  at E∗  are the roots of the 
equation 3 2

1 2 3 0d d dρ ρ ρ+ + + = ,  
where 

1d = 11 22 33( ),m m m− +  
2 33 11 22 13 31

12 21 23 32 22 11

( )
,

d m m m m m
m m m m m m

= − +
+ + −

 

3 12 21 33 31 23

13 21 32 31 22

11 23 32 22 33

( )
( )
( ),

d m m m m m
m m m m m
m m m m m

= −

+ −
+ −

 

{ }

12 21
1 2 3 11 22

11 33 22

33 22 23 32 33 11 22

13 11 31 33 32

32 12 23 21 13

( )
( )

( ) ( )
( )
( ).

m m
d d d m m

m m m

m m m m m m m
m m m m m
m m m m m

 
− = −  + − 

+ − + −

+ −
+ −

 

By the Routh-Hurwitz criteria, all roots of the 
above characteristic equation have negative real parts 
if and only if 1 3 1 2 30   0   0d d d d d> , > , − > . 
Therefore, the positive interior equilibrium point 

( )E x y z∗ ∗ ∗ ∗, ,  is locally asymptotically stable if 

1 3 1 2 30   0   0d d d d d> , > , − > . 

3.4 Influence of infected prey refuge 

In this part, we shall analyze the influence of 
infected prey refuge (i.e., the effect of refuge 
parameter m ) on each population densities when the 
interior equilibrium point ( )E x y z∗ ∗ ∗ ∗, ,  of system 
(1) exists and is stable. 

We assume that the following system of equations 
for the system (1) without infected prey refuge. 

( )1
1

1dx x y xzrx xy c
dt k x y k

α+ = − − − ,  + +   

( )2
2

dy yzxy c dy
dt x y k

α= − − ,
+ +

     (3) 

( )3
2

dz za c z
dt x y k

 
= − ,  + +   
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Let ( )yx z∗∗ ∗, ,  be the equilibrium point for the 
system (3), where  

2

3

3 2

1 ( )

1 ( )

acd p sayx c

c a aky xza

α
∗∗

∗ ∗∗

 
= + = , , 

 

= − −
 

and z ∗  is the positive root of the equation 
2 0Az Bz C− − =  and the coefficients are given by 

2
3

3 1

3 2 1

2
1 2

2

( )

( )

( )(2 )

( )
( )

( )( )

A c r k

B a c r k p kac

ac r k k k p

r k p
C a k k

k p r k

α

α

α

∗ 
 
 

∗

∗

∗

= + ,

= − −

+ + − + ,

 − = − . 
+ + +  

 

(i) Influence of infected prey refuge on susceptible 

prey population: 
Clearly, 

{ } { }2 2

3 3

(1 )1 1 (0 1)ac m ac
c cd d mα α

−+ < + , ∀ ∈ ,  

This inequality shows that, for any fixed 
(0 1)m∈ , , the infected prey refuge can decrease 

susceptible prey density. 
As x∗  is a continuous function of parameter 

m ,we have 

2

3
0 (0 1)acdx

dm c mα
∗ = − < , ∀ ∈ , .  

Thus, x∗  is a strictly decreasing function of m , 
i.e., increasing the amount of infected prey refuge can 
decrease susceptible prey density when the 
equilibrium ( )E x y z∗ ∗ ∗ ∗, ,  of system (1) is stable. 

(ii) Influence of infected prey refuge on predator 
population: 

 

Now, 

{ }

{ }

2

2

3 3

3 1 3 2 1

3 1 3 3 2 1 3

2
1 2 2

2
1 2 2

( 4 )
2

( 4 )
2

( )

(1 ) ( ) ( )(2 )

(1 )( ) ( )(2 )

( ) (1 )( ) ( )( )

( )(

B B AC
z

A
B ACB wherez A

A c c r k

B a m c r k p kac ac r k k k p

a m c rk kc a c rapm ac r k k k pac k

C a k k r m k p k p r k

a k k rk mrp k

α

α

α α

α

∗

∗

+ +
= ,

′ ′+ +′= ,

= + ,

= − − − + + − +

= − − + + + − + ,

= − − − + + +

= − + + 2

3 1 3 2 1 3

2
1 2 2 2

)

( ) ( )(2 )

( )( )

r k k pk mrk

B a c rk kc a ac r k k k p ac k

C a k k rk k r k k p k

α α

α α

α α

∗

∗

+ + − ,

′ = − + + − + ,

′ = − + + + ,

 

 

Clearly, B B′<  and C C′< , (0 1)m∀ ∈ ,  then 
2 2( 4 ) ( 4 )

2 2
B B AC B ACB

A A
′ ′+ + + +′<  i.e., z z∗ ∗<  

This inequality shows that, for any fixed 
(0 1)m∈ , , the infected prey refuge can decrease 

predator density. 
Now, z∗  is a continuous function of parameter 

m , we have 

Since, 

3 1

2

2 2
1 2

3

2

3

( )
0

( )

( )(

) 0

c r k p kacdB a
ac k rmdm

amrcdC a k k rk
dm c

akc rk pr
c

α

α
α

− − 
= − < , + + 

= − − +

+ + − < ,
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Therefore, 

2

1 0
( 4 )

dz dB dCz
dm dm dm B AC

∗
∗ = + < , 

  +
 

Thus, z∗  is a strictly decreasing function of m , 
i.e., increasing the amount of infected prey refuge can 
decrease predator density when the equilibrium 

( )E x y z∗ ∗ ∗ ∗, ,  of system (1) is stable. 
(iii) Influence of infected prey refuge on infected 

prey population: 

3 2

3 2

1Obviously,  ( )
(1 )

1                  ( ) (0 1)

y c z ax ak
a m

c a ak myxza

∗ ∗ ∗

∗∗∗

= − − >
−

− − = ∀ ∈ ,

 

Thus for any fixed (0 1)m∈ , , the infected prey 
refuge can increase infected prey density, it is expected. 

Since y∗  is a continuous function of parameter 
m , we have 

3 3
2

2 2
2 2

3

(1 ) (1 )

0 (0 1)
(1 ) (1 ) (1 )

c c zdy dz
dm a m dm a m

ac kx m
c m m m

α
α

∗∗ ∗

∗

= + +
− −

− − > ,∀ ∈ , .
− − −

 

Therefore, y∗  is a strictly increasing function of 
m , i.e., increasing the amount of infected prey refuge 
can increase the infected prey density when the 
interior equilibrium point ( )E x y z∗ ∗ ∗ ∗, ,  of system 
(1) is stable. 

Theorem 3. The Hopf-bifurcation of the equivalent 
equilibrium E∗  occurs at (0 )λ λ∗= ∈ ,∞  if and 
only if 

(i) 1 2 3( ) ( ) ( ) ( ) 0,d d dλ λ λ λ∗ ∗ ∗ ∗Ψ = − =  

(ii)
( ( )) 0jdRe
d
ρ λ
λ λ λ∗=

  ≠   

where ( )ρ λ  is purely imaginary at λ λ∗= . 
Proof: By the condition ( ) 0λ∗Ψ = , the 

characteristic equation ca be written as 

2
2 1( )( ) 0d dρ ρ+ + = .           (4) 

If this equation has three roots, say 

1 2 2 2 3 1i d i d dρ ρ ρ= + , = − , = − . For all λ , the 

roots are in general form 

1( )ρ λ = 1 2( ) ( ),iβ λ β λ+  

2 ( )ρ λ = 1 2( ) ( ),iβ λ β λ−  

3 ( )ρ λ = 1d−  

Now, we shall verify the transversally condition 

( ( ))
0 1 2jdRe

j
d λ λ

ρ λ
λ ∗=

 
≠ , = , 

 
      (5) 

Substituting 

21( ) ( ) ( )j iρ λ λ β λβ ′= +         (6) 

into (4) and calculating the derivative, we have 

1 2( ) ( ) ( ) ( ) ( ) 0,K L Mλ λ λ λ λβ β′ ′− + =  

1 2( ) ( ) ( ) ( ) ( ) 0L K Rλ λ λ λ λβ β′ ′+ + =    (7) 

where 

2 2
1 1 1 2 2( ) 3 ( ) 2 ( ) ( ) ( ) 3 ( ),K d dλ β λ λ β λ λ β λ= + + −  

( )L λ = 1 2 1 26 ( ) ( ) 2 ( ) ( ),dβ λ β λ λ β λ+  

2
1 21 1

2
3 1 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ),

M d d
d d

λ β λ λ λ β λ

λ λ β λ

= +′ ′

+ −′ ′
 

( )R λ = 1 21 2 22 ( ) ( ) ( ) ( ) ( ).d dβ λ β λ λ λ β λ+′ ′  

Since 

( ) ( ) ( ) ( ) 0L R K Mλ λ λ λ∗ ∗ ∗ ∗+ ≠      (8) 

We have 

( ( ))jdRe
d λ λ

ρ λ
λ ∗=

 
= 

 
2 2 0LR KM

K L λ λ∗
+

=+
− | ≠  

and 

3( )ρ λ∗ = 1( ) 0.d λ∗− ≠  

Therefore the transversally condition holds. This 
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implies that a Hopf-bifurcation occurs at λ λ∗=  and 
is non-degenerate. This complete the proof. 

4. Numerical Simulations 

In this section, our study focused on the occurrence 
and termination of the disease. We begin with a 
parameter set (see Table1) for which the existence 
conditions of the coexistence equilibrium point E∗  
are satisfied and the coexistence equilibrium point 

(16 3269   24 1516   23 8171)E∗ = . , . , .  is locally 
asymptotically stable in the form of a stable focus 
with eigenvalues 0 03106 2 5349   0 3365i− . ± . , − .  

(cf.Fig1). Keeping the other parameter fixed and 
increasing the value of the parameters 0 95m = . , we 
observe that the solution of (1) changes from stable 
behavior to oscillatory behavior (cf.Fig 2). Also, 
keeping the other parameter fixed and increasing the 
value of the parameters 0 12α = . , we observe that 
the solution of (1) changes from stable behavior to 
oscillatory behavior (cf.Fig 3). 

Next to observe the effects of some parameters on 
system  (1),  we  first  consider  3 0 005c = .   and 
observe that the prey population goes to extinction (cf.  

Fig 4). Next, we  consider  0 012α = .   and 
 

Table 1 A set of parameter values. 
Parameter Definition Default Value 
r  Growth rate of susceptible prey 5 

a  Growth rate of predator 0.39 

k  Carrying capacity 80 

α  The infectious rate in prey population 0.07 

1k  Half saturation constant in prey population 0.22 

2k  Half saturation constant in predator population 0.2 

1c  Consume rate of susceptible prey by predator 1 

2c  Consume rate of infected prey by predator 1.2 

3c  Maximum value of per-capita reduction rate of predator population 0.5 

d  Mortality rate of infected prey 0.6 

m  Prey refuge rate of infected prey 0.42 
 

 
Fig. 1 E∗  is locally asymptotically stable for the set of parameter in the Table 1. 
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Fig. 2 Oscillatory behaviour of susceptible prey, infected prey and predator for 95m = .  and other parameters in the 
Table1. 
 

 
Fig. 3 The figures depicts oscillatory behaviour of susceptible prey, infected prey, predator for 12α = .  and other 
parameters in the Table1. 
 

observe that the infected prey population goes to 
extinction (cf. Fig 5). Finally, for a clear 
understanding of the dynamical changes of system (1) 
due to change the value of the parameter m , from 
0 9.  to 1 a bifurcation diagram is plotted as shown 

in the bifurcation diagram (cf. Fig 6). Also, for a clear 
understanding of the dynamical changes of system (1) 
due to change the value of the parameter α , from 
0 1.  to 0 12.  a bifurcation diagram is plotted as 
shown in the bifurcation diagram (cf. Fig 7). 
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Fig. 4 The figure depicts that for 3 0 005c = . , E∗  approaches to 2E  with other parametric values kept fixed in the 

Table 1. 
 

 
Fig. 5 The figure depicts that for 0 012α = . , E∗  approaches to 4E  with other parametric values kept fixed in the 

Table 1. 
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Fig. 6 The bifurcation diagram of all the populations with m  as the bifurcation parameter. 
 

 
Fig. 7 The bifurcation diagram of all the populations with α  as the bifurcation parameter. 
 

5. Discussion 

In this study we have considered an 
eco-epidemiological predator-prey mathematical 
model in which only prey population is infected by 
disease. As a result the Prey population is divided into 
two susceptible prey and infected prey. Our model 
like a modified Leslie-Gower Holling type-II 

predator-prey model which includes prey refuge as 
well as infected prey. This model gives us six 
equilibria, namely one trivial equilibrium 0E  , two 
axial equilibria 1 2  E E, , two planer equilibria 

3 4  E E,  and one interior equilibrium E∗ . We 
observe that 0 1  E E,  always exists but unstable, 2E  

exists and stable if 3 1

1 201 1rc k
ac kR = < . But 3E  exists 
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when 1 1K
dR α= >  and it is unstable. Also, 4E  

exists when 1 3

1 22 1rk c
ac kR = >  and it is stable when 

3

2 302 ( ) 1c x
ac dcR α

+= < . Therefore, if 2E  is stable then 

4E  does not exists. The interior equilibrium E∗  
exists and it is asymptotically stable under some 
conditions stated in theorem 2. 

The major difference between the present work 
and the other recent works as in [19, 32] is the 
incorporation of infected prey refuge leaves a factor of 
infected prey which are accessible to the predator. 
Under this additional effect makes the system analyze 
in this paper more realistic and dynamics than the 
existing model. There is a great influence of this 
infected prey refuge on each population has been 
observed. Both the susceptible prey density and the 
predator density can be decreased for increasing the 
amount of infected prey refuge. Whenever the infected 
prey density is increased, then the interior equilibrium 
E∗  of the system (1) becomes stable. Here the prey 
refuge parameter ( )m  is an important parameter 
which acts as stability switch of the system. The 
stability switching and a Hopf-bifurcation may occur 
at the interior equilibrium taking prey refuge 
parameter ( )m  and rate of infection parameter ( )α  
are bifurcation parameters. We validate all 
theanalytical results numerically by using Matlab. 
Finally, it has been observed that our predator-prey 
mathematical model with infected prey refuge exhibits 
very interesting dynamics on the basis of the our 
assumption. 
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Appendix 

Trivial equilibrium 0E  

The variational matrix of the system (1) at 0 (0 0 0)E , ,  is given by 

0

0 0
( ) 0 0

0 0

r
V E d

a

 
 = − 
  

 

So, the eigenvalues of the characteristic equation of 0( )V E  are r, -d and a. Since two eigenvalue are positive, the equilibrium 

point 0E  is always unstable for all parametric values. 

Axial equilibria 1E  and 2E  

(i) The variational matrix of the system (1) at 1( 0 0)E k, ,  is given by 

1

1

1

( )
( )

( ) 0 0
0 0

c kr r k
k k

V E k d
a

α

α

 − − + − + 
= − 

 
 
  

 

So, the eigenvalues of the characteristic equation of 1( )V E  are -r, k dα −  and a. Since one eigenvalues is positive, the 

equilibrium point 1E  is always unstable for all parametric values. 

(ii) The variational matrix of the system (1) at 2

32 (0 0 )k a
cE , ,  is given by 

1 2

1 3

2
2

3
2 2

3 3

( ) 0 0

( ) 0 ( ) 0

(1 )

ac k r
k c

acV E d
c

a a m a
c c

 
− − 

 
 

= − + 
 
 − −
  

 

Therefore, the eigenvalues of the characteristic equation of 2V  are 3 11 2

3 1 1 2
(1 )c k rac k

c k c k a− − , 2

3
( )ac

c d− +  and -a. So 2E  is stable 

if 01 1R < ,where 3 1

1 201
c k r
c k aR = . 

Planer equilibria 3E  and 4E  

(i) The variational matrix of the system (1) around the equilibrium point ( )
3 ( )(     0)r k dd

k rE α
α α α

−
+, ,  is 
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1

1

2
3

2

( )( )
( )( ) ( )(1 )

( )(1 )( )( ) 0
( )( ) ( )(1 )

0 0

c d k rrd d k rr
k k k d k r r k r m

rc k d mr k dV E
k r k d k r r k d m

a

αα
α α α α α α

αα
α α α α

+ +  − − − −  + + + − −  
 − −−

= − + + + + − − 
 
 
 

 

The characteristic roots of the variational matrix computed around 3E  are ( 0)a >  and the roots of the equation 

2 ( )rd rd k d
k k

αρ ρ
α α

−
+ + =  0 

Since one of the eigenvalues is the equilibrium point 3E  is positive i.e., ( 0)a >  so the equilibrium point 3E  is unstable for 
all parametric values. 

(ii) The variational matrix of the system (1) around the equilibrium point 4 ( 0 )x z, ,E  is 

11 12 13

4 21 22 23

31 32 33

( )
m m m

V E m m m
m m m

 
 
 
 
 
 
 
 

=  

where 

1 1 1 1
11 12 132 2

1 1 1

(1 )2    ( )    
( ) ( )

c k z c m xz c xr rm r x m x m
k x k k x k x k

α −
= − − , = − + + , = − ;

+ + +
 

2 2
21 22 23

2 3

0       0c z acm m x d x d m
x k c

α α= , = − − = − − , = ;
+

 

2 2

31 32 33
3 3

(1 )      a a mm m m a
c c

−
= , = , = − ;  

It is found that the characteristic roots of the variational matrix 3V  at 3E  are 

2 3 3

3 2 3

( )
( )(1 )ac dc c x

c ac dc
α+
+− −  and the roots of the equation 

2
1 2 0w Q w Q+ + =  

where { }1 1 1 1
2 2 3 11 1

2 2
1 2 ( )( ) ( )

0 0c k z c z ac xrx r
k k c x kx k x k

Q a r Q a x r++ +
= + + − > ; = + + − > . Thus 3E  is stable if 02 1R < , where 

3

2 302 ( )
c x

ac dcR α
+= , so that 3E  is stable. 

 


