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Abstract: We formulate and analyze a predator-prey model followed by Leslie-Gower model in which the prey population is
infected by disease. We assume that the disease can only spread over prey population. As a result prey population has been classified
into two categories, namely susceptible prey, infected prey where as the predator population remains free from infection. To

investigate the behaviour of prey population we incorporate prey refuge in this model. Since the prey refuge decreases the predation
rate then it has an important effect in our predator-prey interaction model. We have discussed the existence of various equilibrium
points and local stability analysis at those equilibrium points. We investigate the Hopf-bifurcation analysis about the interior
equilibrium point by taking the rate of infection parameter and the prey refuge parameter as bifurcation parameters. The numerical

analysis is carried out to support the analytical results and to discuss some interesting results that our model exhibits.

Keywords: Predator and prey, Disease transmission, Prey refuge, Stability, Hopf-bifurcation.

1. Introduction

In theoretical ecology the dynamical relationship
between prey and predator is one of the important
themes from the point of view of its existence. Also
mathematical modelling is essential to understand the
dynamical behaviour of such system. Anderson and
May [1], Hadeler and Freedman [2] analyzed
eco-epidemic models where predator population is
infected through eating prey. The mathematical
models, like [3, 4, 5, 6, 7] on prey—predator system
have been studied by the researchers, out of which the
interesting dynamics of Holling Tanner model [7]
plays an important role in the theoretical ecology.
Leslie [8,9] introduced prey—predator model in which
the carrying capacity of the predators environment is
proportional to the number of prey. Incorporating the
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Holling type-II functional response the modified
Leslie Gower prey-predator model was obtained, for
example [10]. On the other hand spatial prey refuge is
one of the more relevant behavioral traits that affect
the dynamics of predator-prey systems. Some of the
researchers [6, 10, 11, 12, 13] have investigated the
influence of prey refuge and they concluded that the
refuge used by the prey has a stabilizing effect on the
prey-predator interaction. In epidemiology, the
incidence rate in mathematical models of infectious
disease [14, 15] play an important role. In [16] the
authors analyzed an eco—epidemic model incorporating
a prey refuge in predator-prey system in which we
observe the very interesting dynamics corresponding
to refuge term. Recently, the effect of disease on
ecological systems is an important issue from
mathematical as well as experimental point of view as

the effect of infectious disease on the ecological
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system controls the size of the populations. Venturino
[17, 18], Haque and Venturino [19], Haque et al. [20,
21, 22], Xiao and Chen [23, 24], Tewa [25], Hethcote
[26], Rahman [27], Chattopadhyay et.all [28,29,30]
discussed the dynamics of preypredator system with
disease in prey population.

In this paper, we have considered a modified

Leslie-Gower and Holling type-II predator-prey model.

In this model we include the infectious disease in prey
population as well as prey refuge term. Incorporation
of infected prey refuge leaves a factor of the infected
prey species which are accessible to the predator. This
model becomes more realistic than the existing models
in ecological as well as epidemiological point of view
The basic

assumptions and model formulation is discussed in

after incorporation of such effect.

Section 2. In Section 3, we have discussed the
boundedness of the solutions in the positive region.
Section 4 deals with the equilibrium points, their
existence and stability analysis. Also the influence of
infected prey refuge on each population and Hopf
-bifurcation analysis at interior equilibrium point is
analyzed. All our important findings are numerically
verified in Section5. Finally, Section 6 contains the

discussion and biological implications of our
mathematical findings.
2. The Basic Assumptions and Model

Formulation

After the brief introduction we formulate the
mathematical model which is based on the following
assumptions:

(1) At any time #(>0) the total prey population is
denoted by n and the total predator population is
denoted by z.

(2) In the presence of disease total prey population
n is divided into susceptible prey x and infected
prey y
n=x+y.

, so that the total prey population is

(3) We assume that the disease can only transmitted
from susceptible prey x to infected prey y but it

does not spread from any kinds prey to predator by

feeding or any other ways.
(4) We assume that the susceptible prey is capable
of reproducing according to the logistic law

dx Xty

o= rx(l _T) with carrying capacity k and
intrinsic birth rate 7.

(5) The susceptible prey x becomes infected
following the mass action law at constant rate of
infection ¢« .

(6) Predators consume susceptible prey and infected
prey following Holling type-II functional response at
constant rate C;,C, respectively.

(7) my is the capacity of prey refuge at time t and
so refuge protecting my of the infected prey, where
O<m<1. This leaves (1—m)y of the infected
prey available to the predator.

On the basis of the above assumptions we the
following mathematical model:

dxzrx(l—ﬁTyJ—axy—cl( xz

dt x+(—m)y+k)’
D gy, —UZME
dt (x+(l—m)y+k2)

dz z
—=|a-c z,
dt [ (x+(1—m)y+k2)]

where a is the growth rate of predator, C; is the
maximum value of per-capita reduction rate of the
predator, k,k, are the half saturation constants for
prey and predator population respectively and d is the
death rate of infected prey.

The system (1) has to be analyzed with the
following initial conditions,

x(0)>0, y(0) >0, z(0) > 0. (2)
3. Qualitative Analysis of the System

3.1 Boundedness of the System

Theorem 1. All the solutions of the system (1) are
bounded.

Proof: Consider the
u(t) = x(t)+ y(t)+ z(¢t). Now using the equations

function
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(1), we have

du &

— dx dz

dar Uar Uar T
dt

(1-m)yz

x+y
rx(l—== dy—c, (m) ik,

e _xz
)—¢ T (m) ik,
+a—c P )z

< rx——x —TXy— dy+(a— & m)z
Therefore

du N <
—+ uu
dt #

x(r p=5)=(d = )y +a+p

S A
x+(1-m) y+k, z

< X+ u=5) = (d = )y +{ 5P k)’

_ e (a+p) (1=m)(a+u)*
T P ST T RS

ky (a+p) (a+p)’ ky (a+u)’
+T£4r{r+y+ }+4—03

. 1=m)a? .
Now if d > %, we can choose 4 in such a
3

2
way that d > u+ % then the right hand side

of the above inequality is bounded. Then we can find
aconstant P >0, such that ““+mu < P.

Now by the theory of differential inequality
( Birkhoff and Rota [31]) we have,

0<u(r)< r (1-e*)+u(0)e ™.
U

As t—> o0, then 0<u(r)<<%. Hence u(t) isa

bounded quantity.

Thus all the solutions of the system (1) are confined
in the region

:{(x,y,z):0Sx(t)+y(t)+z(t)££+g, for all ¢ >O}.
U

3.2 Equilibria Analysis
* The equilibria Eo( 0,0, 0) and El( k, 0, O)

exist for all parametric values.

* The prey free equilibrium point E, (0, 0, akz )

exists for all parametric values.

* The predator free equilibrium  point
r(ka-d) k
3(a,a(ka+r),0) exists if R =%£>1.

¢ The infected prey free
E4( f’ 07 E)

equilibrium point

if R, =%>]

5
kyac,

exists where
7=i(f+k2) and X is the positive root of the

equation Ax>+ Bx—C =0 and the coefficients are

given by
A=cyr,
B = (kac, + k,c;r —krcy),
C =k(kyre, —k,ac,)
* The positive interior equilibrium point
E*( x*’ y*’ Z*)’
where
. 1 ac,(1-m
¥ =g+ 2 Gan),
a c
V' ! (¢,z" —ax" —ak,)
= z — —
a(l-m) ° 2
and z* is the positive root of the equation

Az —Bz—C =0 and the coefficients are given by

A=ci(r+ka),

B=a(l-m) {c3r(k — p)—kac, }
+ac,(r +ka)(2k, -k, + p),
i _kz){r(l—m)(k—p) }

+(k, + p)(r+ka)

3.3 Stability Analysis

The stability of the system (1) at each equilibria is
obtained by using Routh-Hurwitz stability criterion.

For this we have to compute the variational matrix
V(x,y,z) of the system (1) and check the stability at
each equilibrium.

Result 1. The equilibrium point E; :(0,0,0) is

unstable as one eigenvalue of the variational matrix is
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positive.

Result 2. The equilibrium point E, : (%, 0,0) is
unstable as one eigenvalue of the variational matrix is
positive.

Result 3. The susceptible prey and infected prey
free equilibrium point E, (0, 0, %) is stable if

R, =24 1.

01 acik,

Result 4. The predator free equilibrium point

d rlka-d)
E4(

o a(ka+r)?

0) is unstable as one eigenvalue of

the variational matrix is positive.

Result 5. The infected prey free equilibrium point

E,(x,0,Z) is stable if R, <l , where
Ry, = % .(For proof see Appendix.)
Stability analysis of the positive interior

equilibrium and Hopf bifurcation

Theorem 2. The positive interior Equilibrium point
E*(x",y%,2") is locally asymptotically stable if
d >0,

the  following  conditions  hold

d,>0, dd,—d, >0, where g's are given in the

proof of the theorem.
Proof: The variational matrix of the system (1)

around the positive equilibrium point
E"(x",y",z") is
-my —my, T
Vislmy, o omy,  —my,
my My, T
where
m, = {17 X' - [x*+(;1::;*+kl]z} >0,

o (l-m)x"z" > 0
»

— (L r__alzmxz
my = (k +a)x (X +(1=m) y* +k,

m. = ox’ .
B X a(l-m)y +k ’
_ * ¢, (1-m)y*z"
my =ay +—=-—="—=>0,

[x"+(1-m)y* +ky P

i NP
m,, = ax —d——abth)E 5,
[x"+(1=-m)y +k, ]
& (1=m)y” .
2 O,

m =
23 X +(1=m)y* +k,

az(l—m)

]

_az —
my, =4>0,m,, =

]

>0,my; =a>0.

It is found that the characteristic roots of the
variational matrix J/* at E* are the roots of the
equation P’ +d,p’+d,p+d, =0,
where

d, = (my, —my, +m;),

d, = my(my, —my, ) + mysms,

T,y + My, — My, Ty,
dy = my, (mymy; —mym,;)

+myy (my, My, —my msy,)

+my (M3, — My, ),

dd,—d;=(m, - mzz){mum21 }

+m, (myy —my,)
+(my; —m,,) {m23m32 +myy (my, —m,, )}
+my (my my, —my;ms, )
+my, (M, 1y, — My m,; ).

By the Routh-Hurwitz criteria, all roots of the
above characteristic equation have negative real parts
if and only if d,>0,d,>0,dd,—d,>0 .
Therefore, the positive interior equilibrium point
E*(x",y",2") is locally asymptotically stable if
d >0, d,>0,dd,—d >0,

3.4 Influence of infected prey refuge

In this part, we shall analyze the influence of
infected prey refuge (i.e., the effect of refuge
parameter m ) on each population densities when the
interior equilibrium point E"(x",y",z") of system
(1) exists and is stable.

We assume that the following system of equations
for the system (1) without infected prey refuge.

@:m(l_ﬁTyJ_axy_q(L

dt X+y+k)
Y Yz
—= - —dy, 3
dt e (x+y+k,) 4 ®
dz z
Z_la- z,
dt (x+y+k,)
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Let (y*,)_;*’g*) be the equilibrium point for the

system (3), where

x =i{d +&} =p . (say),

a [

pu—

Yy = a(c37*_af*_akz)

—1

and Zz* is the positive root of the equation

Az?> — Bz — C =( and the coefficients are given by
A=c;(r+ka),
B=a {c3r(k - p")—kac, }
+ac,(r+ka)2k, -k, + p*),
C=a2(k1—k2){r(k_p*) }
+(k, + p)r+ka)
(1) Influence of infected prey refuge on susceptible
Now,

. B+(B*+44C)

24
_. B'+{(B?+44C")
° 24
A=cye(r+ka),

z

2

, Where

prey population:
Clearly,

Hd+etml < Lld+2h, vme(0,1)

This inequality shows that, for any fixed
m e (0,1) | the infected prey refuge can decrease
susceptible prey density.

As x" is a continuous function of parameter

m ,we have

4= 2220, Vme(0,1).

dm

Thus, x*

i.e., increasing the amount of infected prey refuge can

is a strictly decreasing function of m,

decrease  susceptible

equilibrium E"(x",y%,z") of system (1) is stable.
(i) Influence of infected prey refuge on predator

prey density when the

population:

B=a(l-m) {c3r(k - p)—kac, } +ac,(r+ka)2k, -k + p)
=a(l-m)(c,;rk — kc,a) + c;rapm + ac,(r + ka)(2k, — k) + pac,ka,
C=da’ (k, —k,) {r(l —m)(k—p)+(k,+ p)r+ ka)}

=a’(k,— k,)(rk + mrp + k,r + k,ka + pka — mrk),

B' =a(cyrk —ke,a) + acy(r + ka)(2k, — k) + p"ac;ka,
C'=a’(k,— k) (rk + k,r + kka + p"ka),

Clearly, B< B’ and C< (', Vme(0,1) then

B+(B2+44C) _ B+ J(B2+4AC")

. * —k
71 o 1e., z <7z

This inequality shows that, for any fixed
m € (0,1), the infected prey refuge can decrease
predator density.

Now, z' is a continuous function of parameter

m , we have

Since,

k—p)—k
dB__a{cﬂ’( p) acl}<0,

dm +ac,(ka +rm)
9C 2 (ke — ke e+ 4T
m I
+ ake,@ +rk— pr)<0,
G
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Therefore,
dz* (*dB dC] 1
— =z —+— | ——<0,
dm dm dm /(BZ+4AC)

Thus, z* is a strictly decreasing function of m
i.e., increasing the amount of infected prey refuge can
decrease predator density when the equilibrium
E*(x",y",2") of system (1) is stable.

(ii1) Influence of infected prey refuge on infected

prey population:

Obviously, y* = (¢;z" —ax" —ak,) >

1
a(l—m)
l(037*—51)7*—51162) = f* Vm e (0,1)
a

Thus for any fixed m € (0,1), the infected prey
refuge can increase infected prey density, it is expected.
Since " is a continuous function of parameter

m , we have
dy' o dr o N
dm a(l-m)dm a(l-m)’
ac, x° ak,

- —— =>0,Vm e (0,1).
ac,(1-m) (1-m)” (1-m)

Therefore, y* is a strictly increasing function of
m , i.e., increasing the amount of infected prey refuge
can increase the infected prey density when the
interior equilibrium point E'(x",y",2") of system
(1) is stable.

Theorem 3. The Hopf-bifurcation of the equivalent
equilibrium E* occurs at A =A4"€(0,0) if and
only if

() P(A) = d, (A )dy(A) ~dy(27) =0,

. dRe(p,(z))}
i) | ——— =0
( ) |: a2 A=2"

where p(A) is purely imaginary at | = 1*.

Proof: By the condition W(1°)=0 , the
characteristic equation ca be written as

(p*+d,)(p+d)=0. @)

If this equation has three roots, say

p, =+iyd,, p, =—i\d,, p; =—d, . Forall A, the
roots are in general form
pi(A) = B(AD)+if, (),
Py ()= f(A) =i, (1),
ps(A) = —d,

Now, we shall verify the transversally condition

Rep,ON) Loy
) i, 5] ’

Substituting
P (A) =B (A)+ip, (1) (6)
into (4) and calculating the derivative, we have

KD (D)=LD) (A)+M(4) =0,

LB (A)+ KD (A)+R(A)=0 (7]
where

K(2) =34} (A)+2d,(2) f(A) +d, (1) =3, (D),

L(A) = 65, (1) f,(A) +2d,(1) B,(A),

M) = E(A)d"(A) +d' (A B(A)

+d's(A) = d" (D) B3 (A),
R(A) =2B,(M)B,(A)d" (A)+d'»(A) B, (4).
Since

LAYRAD+KAHMAH)£0  (8)
We have

RO Ly
A . = Tear ™

and
p3(/1*) = —d1 (/1*) = 0.

Therefore the transversally condition holds. This
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implies that a Hopf-bifurcation occurs at | = 4* and

is non-degenerate. This complete the proof.
4. Numerical Simulations

In this section, our study focused on the occurrence
and termination of the disease. We begin with a
parameter set (see Tablel) for which the existence
conditions of the coexistence equilibrium point E”
are satisfied and the coexistence equilibrium point
E*=(16.3269, 24.1516, 23.8171) is
asymptotically stable in the form of a stable focus

locally

(cf.Figl). Keeping the other parameter fixed and
increasing the value of the parameters m =0.95, we
observe that the solution of (1) changes from stable
behavior to oscillatory behavior (cf.Fig 2). Also,
keeping the other parameter fixed and increasing the
value of the parameters o =0.12, we observe that
the solution of (1) changes from stable behavior to
oscillatory behavior (cf.Fig 3).

Next to observe the effects of some parameters on
system (1), we first consider ¢;=0.005 and

observe that the prey population goes to extinction (cf.

with  eigenvalues  —0.03106+72.5349, —0.3365 Fig 4). Next, we consider a=0.012 and
Table 1 A set of parameter values.

Parameter Definition Default Value
r Growth rate of susceptible prey 5

a Growth rate of predator 0.39

k Carrying capacity 80

o The infectious rate in prey population 0.07

kl Half saturation constant in prey population 0.22

k2 Half saturation constant in predator population 0.2

(e Consume rate of susceptible prey by predator 1

(&) Consume rate of infected prey by predator 1.2

Cy Maximum value of per-capita reduction rate of predator population 0.5

d Mortality rate of infected prey 0.6

m Prey refuge rate of infected prey 0.42

z(t)

y(t) 10

x(t)

Fig.1 F T s locally asymptotically stable for the set of parameter in the Table 1.
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40

30

y(t) 0

50
20

x(t)

Fig. 2 Oscillatory behaviour of susceptible prey, infected prey and predator for 71 = .95 and other parameters in the

Tablel.

y(t) 0

x(t)

Fig. 3 The figures depicts oscillatory behaviour of susceptible prey, infected prey, predator for & = .12 and other

parameters in the Tablel.

observe that the infected prey population goes to
extinction (cf. Fig 5). Finally, for a clear
understanding of the dynamical changes of system (1)
due to change the value of the parameter m , from

0.9 to 1 a bifurcation diagram is plotted as shown

in the bifurcation diagram (cf. Fig 6). Also, for a clear
understanding of the dynamical changes of system (1)
due to change the value of the parameter ¢, from
0.1 to 0.12 a bifurcation diagram is plotted as
shown in the bifurcation diagram (cf. Fig 7).
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120
100
80
60

z(t)

40

20

vt R

x(t)

Fig. 4 The figure depicts that for C; = 0.005, E * approaches to E2 with other parametric values kept fixed in the
Table 1.

60

50

2(t)

80

40

y(t) 0 o x(t)

Fig. 5 The figure depicts that for @ = 0.012, E : approaches to F 4 With other parametric values kept fixed in the
Table 1.
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40
X 201 1
fr—————CT
0 | | 1 Y s e
0.9 0.92 0.94 0.96 0.98 1
m
50 T T T T
s |—-%:w
>
0 1 1 1 1
0.9 0.92 0.94 0.96 0.98 1
m
20 T T T T
£ 10 — .
0 1 1 1 1
0.9 0.92 0.94 0.96 0.98 1
m

Fig. 6 The bifurcation diagram of all the populations with 777 as the bifurcation parameter.

40
n.u--uuou-nuu-uuuuuuuulu::::
0 | | | T""'-OO---.\-o-...o.oo--
0.1 0.105 0.11 0.115 0.12 0.125 0.13
o
50 T T T T r
E -nn-uouonunnuuuuunllllllﬂ:::::"".
0 L L L | . ..OOCI. esese
0.1 0.105 0.11 0.115 0.12 0.125 0.13
o
Wt y ! '
Oho..lllu.ltltl.lllg:::::::..-..’...-"
2 ol
0 1 1 1 1 1
0.1 0.105 0.11 0.115 0.12 0.125 0.13
o

Fig. 7 The bifurcation diagram of all the populations with ¢ as the bifurcation parameter.

5. Discussion

this

eco-epidemiological

In study we have considered an

predator-prey  mathematical
model in which only prey population is infected by
disease. As a result the Prey population is divided into
two susceptible prey and infected prey. Our model

like a modified Leslie-Gower Holling type-II

predator-prey model which includes prey refuge as
well as infected prey. This model gives us six
equilibria, namely one trivial equilibrium £, , two
E,, E, , two planer equilibria
We
observe that £, E, always exists but unstable, E,

axial equilibria

E,, E, and one interior equilibrium £* .

resk

exists and stable if R, = <1. But E; exists

acik,
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when R =££>1 and it is unstable. Also, E,

rkicy
acik,

exists when R, = >1 and it is stable when

R acyx

02~ T(ac,+dcy)

<1. Therefore, if E, is stable then

E, does not exists. The interior equilibrium E£*
exists and it is asymptotically stable under some
conditions stated in theorem 2.

The major difference between the present work
and the other recent works as in [19, 32] is the
incorporation of infected prey refuge leaves a factor of
infected prey which are accessible to the predator.
Under this additional effect makes the system analyze
in this paper more realistic and dynamics than the
existing model. There is a great influence of this
infected prey refuge on each population has been
observed. Both the susceptible prey density and the
predator density can be decreased for increasing the
amount of infected prey refuge. Whenever the infected
prey density is increased, then the interior equilibrium
E* of the system (1) becomes stable. Here the prey
refuge parameter (m) is an important parameter
which acts as stability switch of the system. The
stability switching and a Hopf-bifurcation may occur
at the
parameter (m) and rate of infection parameter (&)
We

theanalytical results numerically by using Matlab.

interior equilibrium taking prey refuge

are Dbifurcation parameters. validate all

Finally, it has been observed that our predator-prey
mathematical model with infected prey refuge exhibits
very interesting dynamics on the basis of the our

assumption.
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Appendix

Trivial equilibrium £,

The variational matrix of the system (1) at EO(O, 0,0) is given by

r 0 O
V(E))=|0 —-d 0
0 0 a

So, the eigenvalues of the characteristic equation of V/( E,) arer, -d and a. Since two eigenvalue are positive, the equilibrium
point E0 is always unstable for all parametric values.

Axial equilibria E1 and E2

(i) The variational matrix of the system (1) at E| (k,0,0) is given by

-r —(r+ka) - Gk
(k+k)
V(E)=| 0 ak-d 0
0 0 a

So, the eigenvalues of the characteristic equation of V(El) are -1, otk —d and a. Since one eigenvalues is positive, the

equilibrium point E1 is always unstable for all parametric values.
(ii) The variational matrix of the system (1) at E2 (0,0, kcz—a) is given by
3

ack
—(—22 ) 0 0
ke,
ac
V(E,)= 0 214y 0
G
a’ a’*(1—m)
L G G i
Therefore, the eigenvalues of the characteristic equation of V2 are —%(l — ;3:2';) , — ac(—; +d ) and -a. So E2 is stable
. cskyr
if R01 < 1,where Ry = cszla .

Planer equilibria E3 and E4

d r(ka-d) O) is

(i) The variational matrix of the system (1) around the equilibrium point E3 (;, a(kair)
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-(5)
| —-r
ka
r(ka—d)

koa+r
0

V(E3) =

d (ko +7) c.d(ker+7)
 ak (ak +d)ka+r)+ratka—r)(1-m)
0 B re,(ka—d)(1—m)
(ak, +d)(ka +r) + (ke —d)(1—m)
0 a

The characteristic roots of the variational matrix computed around E3 are d (> O) and the roots of the equation

+r rd(ko — a’) 0
p kap ak

Since one of the eigenvalues is the equilibrium point E3 is positive i.e.,d (> 0) so the equilibrium point E3 is unstable for

all parametric values.

(ii) The variational matrix of the system (1) around the equilibrium point E 4( x, 0, 7) is

myomy, My,
V(E4): my, m, My

my, My, N

where
2r_  ckz r _ q(l-m)xz X
m,=r——=3>x-————, m,=—(—+a)Xx +——-5—, m;=-
k (x+k) k (x+£k) x+k,
_ Gz _ ac
, =0, m,=ax———-d=ax—-—2=-d, m,, =0,
x+k, c,
a’ a*(1—m) )
My ==, My = my; =—a,
G G

It is found that the characteristic roots of the variational matrix V3 at E3 are

__ (acy+dcy) (1 __ Gox

(o, +de )) and the roots of the equation
2 3

w +Ow+0, =0

where O, = (clk'Z -r>0;0,=a {%f+ 4 4 _dar

2rx . .
a—+== x + PR ok T GGk —I"} > 0. Thus E3 is stable if RO2 <1, where

R02 Gax so that E is stable.

(acy+dcy) °



